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ABSTRACT
l i e t  A -  ( a ^ ) b e  an  m -rowed s q u a re  m a tr ix  w hose 
e le m e n ts  a r e  com plex  num bers; l e t  x  = ( x l t  x 3,  **. ,  x ^ )  
b e  a  u n i t  v e c t o r ,  w h ich  means t h a t  xx* -  Z 2  XiX: -  1 *
Then th e  m a tr ix  p ro d u c t  xAxf = 2 2  a ^ X iS *  I s  a  one by  
one m a t r ix ,  r e g a rd e d  a s  i d e n t i c a l  w i th  th e  com plex num ber 
w h ich  c o n s t i t u t e s  i t s  s i n g l e  e lem en t*  The s e t  o f  num bers 
xAx* f o r  a  g iv e n  m a tr ix  A, w i th  x  r a n g in g  o v e r  th e  s e t  o f  
u n i t  v e c t o r s ,  i s  c a l l e d  th e  f i e l d  o f  v a lu e s  o f  th e  m a tr ix  
A, and  i s  r e g a r d e d ,  g e o m e t r ic a l ly ,  a s  fo rm in g  a  p o in t  s e t  
i n  t h e  com plex p la n e .  The c o n c e p t was in t ro d u c e d  i n  1918 
b y  O, T o e p l i t s ,  who p ro v ed  t h a t  t h e  f i e l d  o f  v a lu e s  l i e s  
w i th in  a  r e c t a n g le  w i th  s i d e s  p a r a l l e l  t o  th e  r e a l  and  
Im a g in a ry  a x e s ,  A l i t t l e  l a t e r ,  K a u sd o rf f  showed t h a t  th e  
f i e l d  o f  v a lu e s  i s  c l o s e d ,  bounded , c o n n e c te d , and  co n v ex . 
The e a r l i e r  s e c t io n s  o f  t h i s  d i s s e r t a t i o n  g iv e  a  summary 
o f  th e s e  r e s u l t s  o f  T o e p l l t s  and  H a u s d o r f f ,  I n  v iew  o f  th e  
g r e a t e r  co n v e n ie n c e  o f  s tu d y in g  th e  f i e l d  o f  v a lu e s  o f  a  
m a tr ix  i n  t r i a n g u l a r  fo rm , t h e r e  i s  a l s o  a  d i s c u s s io n  o f  
t h i s  fo rm .
W ith  th e  e x c e p t io n  o f  a  p a p e r  by  M um aghan i n  1 932 , 
th e  p u b l is h e d  w ork  on th e  f i e l d  o f  v a lu e s  o f  a  m a tr ix  h a s  
u se d  th e  c o n c e p t c h i e f l y  a s  a  so u rc e  o f  th e o rem s on l i m i t s  
f o r  t h e  c h a r a c t e r i s t i c  r o o t s  o f  th e  m a t r ix .  The p r e s e n t
v
s tu d y  l a y s  a s id e  t h i s  em p h asis  on  c h a r a c t e r i s t i c  r o o t s  i n  
o r d e r  t o  exam ine th e  n a tu r e  o f  th e  b o u n d ary  o f  th e  f i e l d  
o f  v a l u e s .  T h is  b o u n d ary  I s  shown t o  be  a  p o r t i o n  ( o r ,  
f o r  a  seco n d  o r d e r  m a t r ix ,  a l l )  o f  a  c e r t a i n  p la n e  a l g e ­
b r a i c  c u r v e .  A g e n e r a l  m ethod i s  d e s c r ib e d  w hereby  th e  
C a r t e s ia n  e q u a t io n  o f  th e  cu rv e  n ay  be c a lc u la te d ^  and  
th e  p ro c e d u re  i s  c a r r i e d  o u t  I n  some d e t a i l  f o r  th e  se c o n d , 
t h i r d ,  an d  f o u r t h  o r d e r  c a se s#  An a n a l y s i s  w i th  th e  h e lp  
o f  th e  F lu e k e r  fo rm u la s  l e a d s  t o  a  c l a s s i f i c a t i o n  o f  th e  
d i f f e r e n t  ty p e s  o f  c u rv e s  w h ich  a r i s e  from  d i f f e r e n t  ty p e s  
o f  m a tr ic e s #  F o r  a  m a tr ix  o f  o r d e r  m, th e  a s s o c i a t e d  
c u rv e  I s  o f  c l a s s  m, d e g re e  m(m -  1 ) ;  i t  h a s  no i n f l e c ­
t i o n  p o i n t s ,  and  h a s  m r e a l  f o c i ,  w h ich  a r e  i n  f a c t ,  th e  
c h a r a c t e r i s t i c  r o o t s  o f  th e  m a t r ix .
A d i f f e r e n t  ty p e  o f  e q u a t io n  i s  d e v is e d  i n  th e  
p a p e r  by H um aghan  a l r e a d y  r e f e r r e d  t o .  $he v a r i a b l e s  i n  
th e  e q u a t io n  a r e  th e  d i s t a n c e s  from  th e  f o c i  t o  th e  t a n ­
g e n ts  t o  th e  c u r v e .  ttu rn ag h an  c a l c u l a t e d  i n  d e t a i l  th e  
r e s u l t s  i n  th e  seco n d  and  t h i r d  o r d e r  c a s e s ;  i n  th e  p r e s e n t  
w o rk , th e  c o r re s p o n d in g  r e s u l t  i n  th e  f o u r t h  o r d e r  i s  d e ­
r iv e d  and  d is c u s s e d .
I n  th e  c o n c lu d in g  s e c t i o n s ,  th e  e f f e c t  o f  a
c o l l l n e a t o r y  t r a n s f o r m a t io n  on th e  f i e l d  o f  v a lu e s  i s
exam ined ; some o b s e r v a t io n s  a r e  made on c e r t a i n  s p e c i a l
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XD e f in i t i o n s  and  N o ta t io n
1 . R e c ta n g u la r  m a t r i c e s .  A m a tr ix  I s  a  s e t  o f  mn 
e le m e n ts  a r r a n g e d  i n  m row s and  n  colum ns# th u s*
i n  w h ich  th e  sym bol d e n o te s  th e  e le m e n t i n  th e  i - t h  
row and  j - t h  co lum n. The cu s to m ary  a b b r e v ia t io n  o f  th e  
a r r a y  above i s  A = e le m e n ts  c o n s t i t u t e
th e  p r i n c i p a l  d ia g o n a l  o f  th e  m a tr ix .
The e le m e n ts  o f  th e  m a tr ic e s  t o  be  d is c u s s e d  a r e  
com plex num bers. I f  a  i s  a  com plex number# th e  c o n ju g a te  
com plex num ber i s  d e n o te d  by a .  Then i f  A — t& xj)#  th e  
m a tr ix  ( a X3) i s  d e n o te d  by  A.
2* A lg e b ra ic  o p e r a t io n s  on m a t r i c e s .  I f  A -  ( a -  ) 
and  B = ( b ^  ) a r e  m a tr ic e s  w i th  m row s and n  colum ns#
TV and ju a re  com plex  num bers# th e n  th e  q u a n t i ty  3 A ■+ /< B  -  
(C ij )# w here c ^  = A a ^  + / a b ^  # f o r  i  -  1 # 2 # . . .  # m and 
J  ~ 1 # 2 # . . .  # n .
I f  A r  ( a i - )  i s  an  ra by n  m a tr ix  and B -  (b* - ) i sj aj
2an  n  by  s  m a t r ix ,  th e n  th e  p ro d u c t  AB = ( c ^ j ) ,  w here
r>
~ K b  • f o r  i  — 1 $ 2 ,  • • • i  m, and  2 ,
J i  J
• • •  ,  e* T h u s , th e  p ro d u c t  i s  an  m by a m a t r ix ,  and m ul­
t i p l i c a t i o n  i s  d e f in e d  i f ,  and o n ly  i f ,  th e  num ber o f  c o l ­
umns o f  th e  m a tr ix  on th e  l e f t  i s  e q u a l  t o  th e  num ber o f
row s o f  th e  m a tr ix  on th e  r ig h t*
3* The t r a n s p o s e  o f  a  m a t r ix * The t r a n s p o s e  o f  a
m a t r ix ,  d e n o te d  by  A ',  i s  th e  m a tr ix  o b ta in e d  by in te r c h a n g ­
in g  th e  row s and  colum ns o f  A. T h u s, i f  A = ( a ^  ) ,  and  
A1-  ( a ^1 ) ,  th e n  a ^  = Sja f o r  i  = 1 ,  2 , * .* ,  n  and
j  ~ 1 ,  2 , • • • ,  xn*
S p e c ia l  ty p e s  o f  m a t r i c e s * A sq u a re  m a tr ix  i s  
a  m a tr ix  i n  w hich  m -  n* W ith  th e  e x c e p t io n  o f  v e c t o r s ,  
d e f in e d  b e lo w , th e  d i s c u s s io n  h e n c e f o r th  i s  c o n f in e d  to  
s q u a re  m a tr ic e s *  A t r i a n g u l a r  m a tr ix  i s  a  m a tr ix  i n  w h ich  
a l l  th e  e le m e n ts  on one s id e  o f  th e  p r i n c i p a l  d ia g o n a l  a r e  
zero*  T r ia n g u la r  m a tr ic e s  a r e  o f  two ty p e s ,  a c c o rd in g  a s  
th e  z e ro  e le m e n ts  a r e  below  ( ty p e  1 ) o r  above ( ty p e  2 ) th e  
p r i n c i p a l  d ia g o n a l*  F o r  s i m p l i c i t y ,  th e  te rm  t r i a n g u l a r  
m a tr ix  w i l l  be assum ed t o  r e f e r  to  ty p e  1 u n le s s  o th e rw is e  
s p e c i f ie d *
I f  th e  o n ly  n o n -z e ro  e le m e n ts  o f  a  m a tr ix  a r e  i n  
th e  p r i n c i p a l  d ia g o n a l ,  th e  m a tr ix  l a  c a l l e d  a d ia g o n a l  
m a tr ix  and i s  d en o te d  by d ia g  ^ a 1# a 3 ,  .** ,  w here
d e n o te s  th e  e le m e n t i n  th e  1 - t h  row and 1 - t h  column*
3I f ,  l a  a  d ia g o n a l  m a t r ix ,  oaoh  d ia g o n a l  olaaaat l a  e q u a l  
t o  a ,  t i n  m a tr ix  l a  o a l lo d  a  S 8M 2U and  i f  a  = 1 ,
i t  la c a l l e d  th e  I d e n t i t y  m a t r ix ,  d e n o te d  toy I .
I f  e a c h  e le m e n t o f  a  m a tr ix  l a  s e r o ,  i t  l a  c a l l e d  
th e  a e ro  m a t r ix ,  and  i a  d e n o te d  toy 0 .
I f  f o r  a  g iv e n  m a tr ix  A t h e r e  e x i a t a  a m a tr ix  B
auch t h a t  AB = I ,  th e n  B i a  c a l l e d  th e  in v e r s e  o f  A, and
_ 1 - 1 
I s  d e n o te d  by  A • I t  may b e  shown t h a t  A l a  u n iq u e ,
and  t h a t  A A -  I .  A m a tr ix  h a s  an  in v e r s e  i f  an d  o n ly
i f  th e  d e te rm in a n t  o f  th e  m a tr ix  I s  d i f f e r e n t  from  se ro *
The d e te rm in a n t  o f  a  m a tr ix  (d e f in e d  o n ly  f o r  a  sq u a re
m a tr ix )  i s  fo rm ed by r e g a r d in g  th e  a r r a y  c o n s t i t u t i n g  th e
m a tr ix  a s  a  d e te rm in a n t  and  I s  d e n o te d  by  I a | , The u s u a l
p r o p e r t i e s  and  d e f i n i t i o n s  I n  d e te rm in a n t  th e o ry  a r e  assum ed .
 i
A m a tr ix  A w ith  th e  p r o p e r ty  t h a t  A A, -  I  i s  c a l l e d  
u n i t a r y * S in c e  a l s o  A'A -  X, th e  m a tr ix  A ' i s  u n i ta ry *
I f  A = A S  th e  m a tr ix  i s  c a l l e d  a  sym m etric  m a trix *
I f  a l l  t h e  e le m e n ts  o f  a  sym m etric  m a tr ix  a r e  r e a l ,  i t  i s
s a i d  t o  be  r e a l  sy m m etric* Xf A -  a 1,  th e  m a tr ix  i s  c a l l e d  
H e r a l t i a n . I f  a l l  th e  e le m e n ts  o f  an  H e rm itia n  m a tr ix  a r e  
r e a l ,  i t  i s  e v id e n t ly  a r e a l  sym m etric  m a trix *
Xf A i s  com m utative w ith  £ ' (AAf -  A 'A) th e n  A i s  
c a l l e d  a  no rm al m a trix *  I t  fo l lo w s  from  th e  p re c e d in g  
d e f i n i t i o n  t h a t  an  H e rm itia n  m a tr ix  i s  norm al*
A v e c to r  i s  a  m a tr ix  w i th  one row* a colum n
4v e c to r  I s  a  m a tr ix  w i th  one colum n. F o r  s im p l ic i ty *  a  row 
v e c to r  w i l l  u s u a l ly  he r e f e r r e d  to  a s  a v e c to r*  and a 
colum n v e c t o r  r e g a rd e d  a s  t h e  t r a n s p o s e  o f  a v e c t o r .  V ec­
t o r s  a r e  d e n o te d  by s m a ll l e t t e r s *  as x  -  ( X u  x^* . . .  * x j .  
The p rim e  and c o n ju g a te  sym bols a r e  r e s e r v e d  to  colum n 
v e c to r s  so  t h a t  t h e  v e c to r  p ro d u c t  ay* i s  a  one by one 
m a tr ix *  w h ereas  y*x  i s  an  ra by  m m a t r ix .  Ho d i s t i n c t i o n  i s  
made b e tw een  th e  one by  one m a tr ix  (a) and  th e  com plex 
num ber a .  I f  xx* = a* th e n  Va I s  c a l l e d  th e  norm o f  x* and 
i f  a  -  1* th e  v e c to r  i s  c a l l e d  a u n i t  v e c t o r . Any n o n - s e ro  
v e c to r  becom es a  u n i t  v e c to r  i f  e a c h  o f  i t s  e le m e n ts  i s  
d iv id e d  by  th e  norm o f  th e  v e c to r .
A colum n v e c t o r  x* w i th  th e  p r o p e r ty  t h a t  Ax* = 0 
i s  c a l l e d  a  r i g h t  a n n i h l l a t o r  o f  th e  m a tr ix  A.
5 . The c h a r a c t e r l s t i c  f u n c t io n  o f  a, m a t r ix . The 
c h a r a c t e r i s t i c  f u n c t io n  o f  a  m a tr ix  A I s  th e  d e te rm in a n t  
U i  -  a |  * w here a i s  an  in d e te r m in a te .  The c h a r a c t e r i s ­
t i c  e q u a t io n  o f  A i s  \%X -  A | = 0 .  The c h a r a c t e r i s t i c  
r o o t s  o f  A a r e  th e  r o o t s  o f  th e  c h a r a c t e r i s t i c  e q u a t io n .
II
The F i e l d  o f  V a lu e s  o f  a  M a tr ix
1 . D e f i n i t i o n  o f  th e  f i e l d  o f  v a l u e s , & et x  be 
a  u n i t  v e e t o r  and A be  a  s q u a re  m a t r ix ,  Then th e  m a tr ix  
p ro d u c t  xAx* i s  a  one by one m a tr lx i  i ,  e , ,  a  com plex 
num ber. F o r 1 a ,  g iv e n  m a tr ix  A, l e t  x  ra n g e  o v e r  th e  s e t  
o f  a l l  u n i t  v e c t o r s .  Then th e  com plex num bers xAx1 fo rm  
a  s e t  o f  p o i n t s  i n  th e  com plex p la n e .  T h is  s e t  o f  p o in t s  
i s  c a l l e d  th e  f i e l d  o f  v a lu e s  o f  A and  i s  d e n o te d  by W(A).
T h is  c o n c e p t was f i r s t  in t r o d u c e d  by  von  T o e p l i t z ,*  
who u se d  th e  te rm  W e r ty o r r a t .  He e s t a b l i s h e d  t h a t  W (a) I s  
c o n ta in e d  w i th in  a  bounded convex  re g io n *  a  l i t t l e  l a t e r ,  
H a u sd o rf f  p ro v ed  t h a t  tf(A) I s  I t s e l f  a  bounded , c lo s e d ,  
c o n n e c te d , convex  r e g io n . 2 A s t i l l  l a t e r  p a p e r  by K um aghan  
g av e  a d d i t i o n a l  in fo rm a tio n  on th e  n a tu r e  o f  W(A), p a r t i c ­
u l a r l y  i n  th e  seco n d  and  t h i r d  o r d e r  c a s e s .3  I n t e r e s t  I n
1 0 .  T o e p l l t z ,  "Das a lg e b r a i s c h e  A nalogon zu einem  
S a tz e  von F e j e r ,  M ath em atlsch e  Z e i t s c h r i f t .  I I  (1 9 1 8 ) , 
187-197•
2 F e l i x  H a u s d o r f f ,  "D er W e r tv o r ra t  e i n e r  B i l i n -  
e a r fo rm ,"  M a th em atlsch e  Z e i t s c h r i f t ,  I I I  (1919)*  3 1 4 -3 1 6 .
3 F . D. M um aghan, "On th e  F i e ld  o f  V a lu e s  o f  a 
S a u a re  M a tr ix ,"  Pro c e e d in g s  o f  th e  N a tio n a l  Academy o f  
S c ie n c e s ,  X V III (T jg S ) ;  —
5
6th e  c o n c e p t h a s  b ee n  (Sue p r i n c i p a l l y  t o  th e  f a c t  t h a t  i t  
h a s  b e e n  u se d  I n  c o n n e c tio n  w ith  th e  p ro b lem  o f  d e te rm in ­
in g  l i m i t s  f o r  th e  c h a r a c t e r i s t i c  r o o t s  o f  a  m a tr ix *  S ev­
e r a l  m i t e r s  (S e e , f o r  ex am p le , a  p a p e r  by A. B . F a r n e l l ) ^  
h av e  g iv e n  l i m i t s  f o r  th e  c h a r a c t e r i s t i c  r o o t s  w h ich  a r e  
a c t u a l l y  l i m i t s  f o r  th e  f i e l d  o f  v a lu e s*  The f a c t  t h a t  
su c h  l i m i t s  a r e  l i m i t s  f o r  th e  c h a r a c t e r i s t i c  r o o t s  i s  th e  
b u rd e n  o f  th e  fo l lo w in g  theorem *
Theorem  2*1* The c h a r a c t e r i s t i c  r o o t s  o f  a  
m a tr ix  b e lo n g  to  i t s  f i e l d  o f  v a lu e s*
A sy s tem  o f  m l i n e a r  hom ogeneous e q u a t io n s  i n  m 
unknowns h a s  a  n o n - t r i v i a l  s o l u t i o n  i f  and  o n ly  i f  th e  
d e te rm in a n t  o f  th e  sy s tem  i s  zero*  O r, i n  m a tr ix  te r m in o l ­
o g y , a  n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n  f o r  th e  e x i s te n c e  
o f  a  r i g h t  a n n l h l l a t o r  o f  a  m a tr ix  i s  t h a t  th e  d e te rm in a n t  
o f  th e  m a tr ix  i s  z e ro .  T h u s, t h e r e  e x i s t s  a  colum n v e c to r  
x* su ch  t h a t  (&  I  -  A )x f = 0 i f  and o n ly  i f  R i s  a  c h a r a c t ­
e r i s t i c  r o o t  o f  A* The v e c to r  may be  assum ed to  b e  a u n i t  
v e c to r ,  s in c e  d i v i s i o n  o f  th e  above e q u a t io n  by  th e  norm 
o f  x  w ould n o t  change th e  e q u a l i ty *  Then x ( A l  * A)x* = 0
* A. B* P a r n e l l ,  " L im its  f o r  th e  C h a r a c t e r i s t i c  
R o o ts  o f  a  M a t r i x ,” M l l e M n  o f  th e  A m erican M a th em a tic a l 
S o c ie ty ,  L ( 1 9 ^ ) ,  ---------
7r e s u l t s  from  m u l t ip ly in g  on  th e  l e f t  by x« Now x A lx *  j
t h e r e f o r e ,  xAx1- FI ,  and  A b e lo n g s  t o  W (a).
n o t a t i o n s  and  t r a n s l a t i o n s  o f  w (A )« I f
id
t  -  e  ,  th e n  th e  f i e l d  o f  v a lu e s  o f  tA  I s  o b ta in e d  by r o ­
t a t i n g  th e  f i e l d  o f  v a lu e s  o f  A a b o u t th e  o r i g i n  th ro u g h  an
a n g le  -  6 * F o r ,  I f  xAx' I s  any  p o in t  o f  W(A), th e n
x t tA )^ 1 -  t(x A x f ) I s  th e  c o r re s p o n d in g  p o in t  o f  W (tA ). How­
e v e r ,  i t  i s  c o n v e n ie n t t o  r e g a r d  th e  r o t a t i o n  o f  W(A) 
th ro u g h  an  a n g le  a s  le a v in g  th e  f i e l d  o f  v a lu e s  u n ­
changed  i n  p o s i t i o n  b u t  a s  r e f e r r i n g  i t  to  4 and  rj ax e s  
w h ich  make an  a n g le  & w ith  th e  x  and  y  a x e s  o f  th e  com plex 
p la n e  so  t h a t  a  p o in t  x  ■+ iy  i n  th e  Xf p la n e  I s  a  p o in t  
^  -t- lyj i n  th e  p la n e ,  w here 
x  -  £ c o s 6 -  y  s i n  6 
y  = ^  s i n  0  -  y\ co s  6
I f  c i s  a  com plex num ber, th e n  th e  f i e l d  o f  v a lu e s  
o f  A -  c l  i s  o b ta in e d  by t r a n s l a t i n g  th e  f i e l d  o f  v a lu e s  o f  
A th ro u g h  a  d i s t a n c e  e q u a l t o  th e  a b s o lu te  v a lu e  o f  e  and  
i n  th e  d i r e c t i o n  o f  - e .  F o r ,  i f  xAx* i s  a  p o in t  o f  W(A), 
th e n  x(A -  c l ) x f = xAx* -  c i s  th e  c o r re s p o n d in g  p o in t  o f  
W(A -  c l ) ,
3* S ta n d a rd  p o s i t i o n  o f  W(A). I f  th e  c h a r a c t e r ­
i s t i c  e q u a t io n  o f  a  m a tr ix  A i s
w  i w-i y*
A  -  p^A +* p^A -v . . .  -+ ( - 1 ) p.A + . . .  ( - l ) p w -  0 
th e n  p. I s  th e  sum o f  th e  1 - th  o r d e r  p r i n c i p a l  m in o rs  o f
8A . 5 ( p r i n c i p a l  m ino ras m in o rs  whose p r i n c i p a l  d ia g o n a l  
e le m e n ts  a r e  p r i n c i p a l  d ia g o n a l  e le m e n ts  o f  A ). Then
cn -
p„ ss 2Z) a* i * and s in c e  a l s o  p„ = 2  we have  th ei=± ^ i= i
theorem s
Theorem  2 .2 .  The c e n t r o id  o f  th e  c h a r a c t e r i s t i c  
r o o t s  o f  a  m a tr ix  i s  i d e n t i c a l  w i th  th e  c e n t r o id  o f  th e  
e le m e n ts  o f  th e  p r i n c i p a l  d ia g o n a l .
The f i e l d  o f  v a lu e s*  (W(A)* o f  a m a tr ix  w i l l  be
nw
s a id  t o  b e  i n  s ta n d a r d  p o s i t i o n  i f  2 2  a xi  = 0 ,  I f  W(A) 
i s  n o t  i n  s ta n d a r d  p o s i t io n *  form  th e  m a tr ix  
B = A -  ( 2 2  S i^ y m )! , so  t h a t  W(B) i s  i n  s ta n d a r d  p o s i t i o n .  
T h is  t r a n s l a t i o n  a l t e r s  o n ly  th e  p o s i t i o n  o f  th e  f i e l d  o f  
v a lu e s *  th e  d is c u s s io n  o f  w hich  i s  s im p le r  i n  some r e s p e c t s  
i f  i t  i s  i n  s ta n d a r d  p o s i t i o n ;  th e r e fo r e *  i n  th e  p r e s e n t  
s tu d y *  a  m a tr ix  i s  o r d i n a r i l y  assum ed to  h av e  i t s  f i e l d  o f  
v a lu e s  i n  s ta n d a rd  p o s i t i o n .
T h is  p r e l im in a r y  s e c t io n  on f i e l d s  o f  v a lu e  i s  
co n c lu d ed  h e re  i n  o r d e r  to  i n s e r t  a  s e c t io n  on some o f  th e  
p r o p e r t i e s  o f  t r i a n g u l a r  m a tr ic e s *  u n i t  v e c to r s *  and u n i t ­
a r y  m a t r i c e s .
5 c. C. M acduffee* The T heory  o f  M a tr ic e s  ( c o r ­
r e c t e d  r e p r i n t  o f  f i r s t  e d i t i o n ;  New “f o r k :  C h e lse a  Pub­
l i s h i n g  Company* 19^6)* p .  19 ,
I l l
The T r ia n g u la r  M a tr ix
On u n i t a r y  m a t r i c e s . L e t  Ui = ( u i i#  u i i #  . . .  ,  
U itn )  b e  th e  i - t h  row o f  a  u n i t a r y  m a tr ix  17. T hen , s in c e  
TO* =  I ,  i t  fo l lo w s  t h a t  UiUi* = 1 . T h is  shows t h a t  e a c h  
row o f  a  u n i t a r y  m a tr ix  I s  a  u n i t  v e c to r*  A lso , u^u* = 0 ; 
two u n i t  v e c to r s  so  r e l a t e d  a r e  s a id  t o  be  c o n ju g a te * 
o r th o g o n a l .  O b v io u s ly  th e  same p r o p e r t i e s  h o ld  f o r  colum ns 
o f  a  u n i t a r y  m a trix *
I t  may b e  n o te d  t h a t  th e  p ro d u c t  o f  two u n i t a r y  
m a tr ic e s  i s  u n i t a r y ,  f o r ,  i f  U and V a r e  u n i t a r y ,
TJVV'U* = TO* = I .
2 . On u n i t  v e c t o r s . F o r  any u n i t  v e c to r  x  and 
any  u n i t a r y  m a tr ix  U, th e  v e c to r  y = xU i s  a  u n i t  v e c to r ,  
s in c e  yy* -  xOT’x 1 _ xx* = 1* Any two u n i t  v e c to r s  a r e  
c o n n e c te d  by a  r e l a t i o n s h i p  o f  t h i s  k in d ,  a c c o rd in g  to  e 
th eo rem  ©f V* B ark e r* ss
Theorem  3*1* F o r  any two u n i t  v e c to r s  x  and y  
th e r e  e x i s t s  a  u n i t a r y  m a tr ix  0  su ch  t h a t  y  =  xU*
L e t e± b e  th e  u n i t  v e c to r  ( 1 ,  0 ,  . * .  ,  0 ) .
Then x  = ©*V w here V i s  a  u n i t a r y  m a tr ix  whose f i r s t  row 
i s  x .  S im i l a r ly ,  y  -  e 1W, w here W i s  a u n i t a r y  m a tr ix  
w hose f i r s t  row i s  y* Then e 1 ^  xV*, and y  -  xV*W.
9
10
T h a t a  u n i t a r y  m a tr ix  may be c o n s t r u c te d  w ith  an  
a r b i t r a r y  u n i t  v e c t o r  a s  th e  f i r s t  row may b e  shown a s  
fo l lo w s j  L e t u A r ( u i± * u ^ *  • .*  * u i7v) be  th e  g iv e n  
v e c to r ;  th e n  u x * i s  th e  f i r s t  colum n o f  Uf • The 1 - th  
colum n o f  U1 l a  so u g h t a s  th e  s o l u t i o n  o f  th e  sy s tem  o f  
e q u a t io n s  u ^ u *1 = 0* u ^ u j - 0* . . .  * = 0 . A non­
t r i v i a l  s o l u t i o n  e x i s t s *  s in c e  t h e r e  a r e  more unknowns 
th a n  e q u a tio n s *  The r e s u l t i n g  s e t  o f  s o lu t io n s  f o r  
l = 2* g * . * * * m  c o m p le te s  th e  c o n s t r u c t io n  o f  0 f * from  
w h ich  0  may be  w r i t te n *
3 * ffiie t r i a n g u l a r  m a t r ix * s in c e  a  m a tr ix  i n  
t r i a n g u l a r  fo rm  e x h i b i t s  I t s  c h a r a c t e r i s t i c  r o o t s  I n  th e  
p r i n c i p a l  d ia g o n a l*  t h i s  fo rm  I s  th e  m oat c o n v e n ie n t f o r  
s tu d y in g  th e  f i e l d  o f  v a lu e s*  A  m a tr ix  n o t  i n  t r i a n g u l a r  
fo rm  may be u n l t a r i l y  tra n s fo rm e d  I n to  a  t r i a n g u l a r  m a trix *  
a c c o rd in g  to  th e  fo l lo w in g  th eo rem :
Theorem 3*2* F o r  any  m a tr ix  A th e r e  e x i s t s  a  
u n i t a r y  m a tr ix  0  su ch  t h a t  0A09 I s  t r i a n g u la r * *
L e t u* be a u n i t  v e c to r  such  t h a t  Aul. = ^ 1^ * ,
A* a  c h a r a c t e r i s t i c  r o o t  o f  A* C o n s tru c t  a  u n i t a r y  m a tr ix  
U ^w ith u^ a s  i t s  f i r s t  row* L e t B^  ^ U^AU^1. Then i s
* I* Schur*  " 0 b e r  d ie  c h a r a k t e r i a t i s e h e n  W urzeln
e i n e r  l l n e a r e n  S u b s t i t u t i o n , ” M athem atlsche  A n n alen . LXVI
(1909)#  488-510*
o f  th e  form
B.
b43 * •  •
0 b b . • • *
2 . X
0 b ,
3 2 . b5 3 # »+
0  b b . . .  b  /*vi a in 3 • • • *1* IK!
F o r ,  l e t  Ui be  th e  1 - t h  row o f  tf4j th e n  th e  f i r s t  colum n 
o f  B ^ c o n s is t s  o f  e le m e n ts  u^Au^* =. U i ^ u ^1 ~ A±u iU ^ *
F o r  1 — 1 , t h i s  I s  A jj f o r  1 >  1* t h i s  I s  z e r o ,  s in c e  th e  
row s o f  V a r e  c o n ju g a te -o r th o g o n a l• The (m -  l ) t h  o r d e r  
s u b m a tr ix  o b ta in e d  by  o m it t in g  th e  f i r s t  row and f i r s t  
colum n o f  B1 h a s  a s  i t s  c h a r a c t e r i s t i c  r o o t s  th e  re m a in in g  
c h a r a c t e r i s t i c  r o o t s  A*, A3,  . . .  ,  o f  A, s in c e  A and  
a r e  s i m i l a r . 2 Thus th e  same p ro c e s s  a p p l ie d  to  t h i s  
s u b m a tr ix ,  C , o f  y i e l d s  an  (m -  l ) t h  o r d e r  u n i t a r y  
m a tr ix  V su ch  t h a t  VCV* I s  o f  th e  form
0
i . 2 .
2. 1-
« \l \
0 , *  N > )
\°
Then th e  m a tr ix




2 M aed u ffee , o p . c i t . . p .  6 9 .
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i s  u n i t a r y  o f  th e  m -th  o r d e r ,  and  BA =  = tf-J^AB^* H2*
I s  o f  th e  form
±yy\
\  0  0  4 * , . . .  4—  j
An in d u c t io n  may h e  e s t a b l i s h e d  to  o b ta in  a  seq u en ce
* ^ vh-± ^ l i t a r y  m a tr ic e s  su c h  t h a t  i f
U -  **• tf±,  th e n  TIAU' i s  t r i a n g u l a r *
The e f f e c t  o f  t h i s  t r a n s f o r m a t io n  on a  no rm al 
m a tr ix  i s  o b se rv e d  a s  a  c o r o l la r y *  * t  sh o u ld  be  n o te d  
t h a t  a  u n i t a r y  t r a n s fo rm  o f  a  no rm al m a tr ix  i s  n o rm a l,  
f o r  i f  B = UAU', th e n  BB1 = UAU'UA'U* ^ UAA'IJ', 
and  B 'B  = UA'tj'tfAU* = UA'AU', so  t h a t ,  i f  AA* -  A 'A , 
th e n  BB1 = B'B*
C o r o l la ry  3*2* A n e c e s s a ry  and s u f f i c i e n t  con  
d i t i o n  t h a t  a m a tr ix  b e  no rm al i s  t h a t  i t  be a  u n i t a r y  
t r a n s fo rm  o f  a d ia g o n a l  m a trix *  3
L e t A be n o rm a l; th e n  by th e  p re c e d in g  i t  i s  a 
u n i t a r y  tr a n s fo rm  o f  a  n o rm a l, t r i a n g u l a r  m a tr ix  B*
3 T o e p l i t z ,  oj>. c l t * . 187-197
13
B =
\  0  0
0 ^ 2. .
The e le m e n t I n  th e  f i r s t  row and f i r s t  colum n o f  BB*
sp o n d in g  e lem e n t o f  B fB i s  H ence, b ^  ~ b ^  =
. . .  -  b ^  ~ 0 . S im i l a r ly ,  e le m e n ts  i n  th e  seco n d  row 
and  seeond  colum n may now be com pared to  show t h a t  
^ 3  " “  • • •  = b_,m -  0 ,  and a n  in d u c t io n  e s t a b l i s h e d
to  co m p le te  th e  p ro o f  t h a t  B i a  d ia g o n a l ,  The s u f f i c i e n c y  
i s  e v i d e n t ,  s in c e  d ia g o n a l  m a tr ic e s  a r e  co m m u ta tiv e .
s i d e r a t i o n  o f  th e  p o s s i b i l i t i e s  o f  th e  t r i a n g u l a r  m a tr ix  
a s  a  c a n o n ic a l  fo rm  u n d e r  u n i t a r y  t r a n s f o r m a t io n s  le d  
to  th e  fo l lo w in g  r e s u l t  i n  th e  c a s e  i n  w hich  th e  c h a ra e *  
t e r i s t i c  r o o t s  a r e  d i s t i n c t .
c h a r a c t e r i s t i c  r o o t s ,  and  B and C a r e  t r i a n g u l a r  m a t r i c e s ,  
e a c h  o f  w h ich  i s  a u n i t a r y  tr a n s fo rm  o f  A, w ith  c h a r a c te r *  
i s  t i e  r o o t s  i n  th e  same o r d e r ,  th e n  ( l )  th e  u n i t a r y  m a tr ix  
w h ich  t r a n s fo rm s  B i n t o  G i s  d ia g o n a l j  ( 2 ) f o r  e a c h  1 and
L e t B -  OAU' be t r i a n g u l a r ,  a s  g iv e n  above i n  
th e  p ro o f  o f  C o r o l la ry  3 .2 ,  and assum e th e  r e  d i s t i n c t .
b b. •-inr 9 and  th e  c o r r e *
fiSL u n iq u e n e s s  o f  th e  t r i a n g u l a r  fo rm . Con-
Theorem  3 ,3 , I f  A i s  a  m a tr ix  w i th  d i s t i n c t
i, K j |  =
1*
F o r  e a c h  k  — 1# 2# * . .  ,  m th e r e  e x i s t s  a  u n i t  v e c to r  vK 
su c h  t h a t  Bvk 1 =  RK vK 1$ and  s in c e  B -  \ l  i s  o f  ra n k  
m -  X, vK i s  u n iq u e  e x c e p t  f o r  a  f a c t o r  o f  u n i t  m o d u lu s .^  
Now su p p o se  C = TBT1 i s  a l s o  t r i a n g u l a r ;
C =
rVK /0  0 . . .  ^
D enote th e  row s c f  V b y  vl f  v2 ,  • • .  # * Then VBvJ i s
th e  f i r s t  colum n o f  C# from  w hich  Bv. 1 -  ^ v * .  Hence





so  t h a t
C = VBV' =:
c °±
At e1 01 b \  * 
0 VB, V, •
H ence, \  * = Ci#  and by an  e x a c t ly  s i m i l a r  argum ent
th e  f i r s t  v e c to r  i n  f ± i s  (e  # 0 ,  . . .  ,  0 ) ,  so  t h a t
i 6
vA- ( 0 ,  e  * ,  0 ,  . . .  # 0 ) .  By in d u c tio n #  V i s  o f  th e
„  \ L* E - D i°k8on.' AlgebTO^g T h e o r le a  (New
Yorks B e n J . He S anborn  & C o ., 1 9 3 0 p.  52,
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,  * 4 *  I T h e r e f o r e ,  f o r  a
p a r t i c u l a r  o r d e r  o f  th e  ,  th e  bi- a r e  u n iq u e  e x c e p tJ
f o r  a  f a c t o r  o f  u n i t  m odu lus•
The p r o o f  fo l lo w s  an  argum en t s u g g e s te d  by  W* V*
P a r k e r .
I f  th e  c h a r a c t e r i s t i c  r o o t s  a r e  n o t  a l l  d i s t i n c t ,  
th e  th eo rem  i s  no lo n g e r  t r u e  a s  s t a t e d )  f o r  ex am p le , th e  
m a t r i c e s  A and  B shown below  a r e  u n i t a r y  tr a n s fo rm s  o f  
e a c h  o th e r  i
I t  may b e  p o s s i b le  t o  d e v is e  some s o r t  o f  u n iq u e  t r i a n g u l a r  
fo rm  f o r  m a tr ic e s  w i th  m u l t ip le  r o o t s  by means o f  s p e c i a l
A 3  0 1
I 1 0
0
B = 0 1
 ^ 0  0
I 1 0
r e s t r i c t i o n s  on th e  b^-
j
IV
The F i e l d  o f  V a lu e s  o f  a  Normal M a tr ix
1* The f i e l d  o f  v a lu e s  o f  a  u n i t a r y  t r a n s f o r m *
The s p e c i a l  s i g n i f i c a n c e  o f  th e  p re c e d in g  s e c t i o n  on 
u n i t a r y  m a t r i c e s  an d  th e  t r i a n g u l a r  fo rm  becom es m ani­
f e s t  i n  th e  fo l lo w in g  theorem * *
Theorem  4 * 1 * The f i e l d  o f  v a lu e s  o f  a  m a tr ix  A 
i s  i d e n t i c a l  w i th  th e  f i e l d  o f  v a lu e s  o f  any  u n i t a r y  
t r a n s fo rm  o f  A.
L e t y{UAUf ) y f be any p o in t  o f  W(UaS * ) .  S in c e  
m a tr ix  m u l t i p l i c a t i o n  i s  a s s o c ia t iv e *  t h i s  p ro d u c t  may be 
w r i t t e n  (y 0 )A ( f ty f )* B u t b e c a u se  o f  Theorem  3#1 th e  ra n g e  
o f  t h e  v e c to r  yU i s  i d e n t i c a l  w ith  th e  ra n g e  o f  an  a r b i ­
t r a r y  v e c to r  x .
C o r o l la ry  4 * 1 * F o r  u n i t a r y  m a tr ic e s  U and  V* 
W(UVA) = W(VAU) -  W(AUV).
The th r e e  m a tr i c e s  a r e  u n i t a r y  tr a n s fo rm s  o f  e a ch
o th e r*
The f i e l d  o f  v a lu e s  o f  a  norm al m a t r ix * C or­
o l l a r y  3*2 i n  c o n ju n c t io n  w ith  Theorem 4*1 y i e l d s  th e  
fu n d a m e n ta l r e s u l t  f o r  no rm al m a tr ic e s *
Theorem 4 * 2 * The f i e l d  o f  v a lu e s  o f  a no rm al 
m a tr ix  i s  th e  s m a l l e s t  convex p o ly g o n  c o n ta in in g  th e
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c h a r a c t e r i s t i c  r o o t s  w i th in  o r  on th e  b o u n d a ry .*
I f  A i s  norm al* th e n  a  u n i t a r y  t r a n s fo rm  o f  I t  i s  
d ia g o n a l*  d i a g ^ ± , ^ ^ *  . . .  * . Then W(a ) i s  th e  s e t
o f  p o i n t s  B u t t h i s  i s  s im p ly
th e  convex  c o v e r  o f  th e  f i n i t e  s e t  o f  p o in t s  * . . .  *
Z  2
C o r o l la ry  4 . 2 . 1 . The f i e l d  o f  v a lu e s  o f  an  H er- 
m i t i a n  m a tr ix  i s  th e  segm ent o f  th e  r e a l  a x i s  b e tw een  i t s  
l e a s t  and  g r e a t e s t  c h a r a c t e r i s t i c  r o o t s .
An H e rm itia n  m a tr ix  i s  no rm al and  h a s  o n ly  r e a l  
r o o t s j 3 th e  f i e l d  o f  v a lu e s  i s *  th e r e fo r e *  th e  convex  
c o v e r  o f  a  f i n i t e  s e t  o f  p o in t s  on th e  r e a l  a x is*
C o r o l la ry  4 . 2 . 2 . The f i e l d  o f  v a lu e s  o f  a  u n i t a r y  
m a tr ix  i s  a p o ly g o n  in s c r i b e d  i n  th e  u n i t  c i r c l e .
A u n i t a r y  m a tr ix  i s  n o rm a l,2*- and  i t s  c h a r a c t e r i s ­
t i c  r o o t s  have  u n i t  m o d u l i ; 5 th e  f i e l d  o f  v a lu e s  i s *  t h e r e ­
fo re *  th e  convex c o v e r  o f  a  f i n i t e  s e t  o f  p o in t s  on th e  
c irc u m fe re n c e  o f  th e  u n i t  c i r c l e .
* T o e p l l tz *  o p . c i t . * 187 - 197 .
2 P au l A le x a n d ro ff  and  H einz  Hopf * T o p o lo g ie  
(B e r l in s  J u l i u s  S p r in g e r*  1933)# 1# P* 60 3 .
3 M acduffle*  o p . c i t . . p .  26 .
* I b i d . .  p .  7 6 .
5 I b i d . .  p .  28 .
VThe F i e l d  o f  V a lu e s  o f  a  Non-Normal M a tr ix
1 . H e rm itia n  d e c o m p o s itio n  o f  a, m a t r ix , A m a tr ix  
may be  w r i t t e n  A -  F +■ iG , w here F and  G a r e  H e rm itia n ;  
i n  f a c t ,  F =  (A Af ) / 2  and G =* (A -  Af ) / 2 i .  Then F ■+■ iG 
i s  c a l l e d  th e  H e rm itia n  d e c o m p o s itio n  o f  A.
F o r  th e  H e rm itia n  d e c o m p o s itio n  o f  tA th e  fo l lo w in g  
n o t a t i o n  i s  u sed s tA = F5 iG d , L e t  th e  c h a r a c t e r i s t i c  
r o o t s  o f  be , , ,  ,  $e>m* an<a c h a r a c t e r i s t ­
i c  r o o t s  o f  Gd b e  ,  ^*>*1 assum e t h a t  th e
s u b s c r i p t s  a r e  so  o rd e re d  t h a t  e a c h  o f  th e s e  se q u e n ce s  i s  
m onoton ic  d e c r e a s in g ,
2 . The T o e p l l tz -H a u s d o r f f  th e o rem . R e fe re n c e  was 
made i n  XI t o  th e  fo l lo w in g  fu n d am e n ta l th eo rem  on th e  
f i e l d  o f  v a lu e s  o f  a  m a tr ix .
Theorem 5 ,1 , The f i e l d  o f  v a lu e s  o f  a  m a tr ix  i s  
a  convex s e t ,  (A convex  s e t  i s  a s e t  o f  p o in t s  su ch  t h a t ,  
i f  and p  a r e  two p o in t s  o f  th e  s e t ,  th e n  e a c h  p o in t  o f  
th e  s t r a i g h t  l i n e  segm ent jo in in g  eK and (3 i s  a l s o  i n  th e  
s e t ) .
L e t tA -  Va + IQq • S in c e  F  ^ and  G^  a r e  H e rm itia n , 
th e  num bers xJ^x* and x fl^x1 a r e  r e a l ;  th e n  x ( tA ) x f i s  a 
com plex number whose r e a l  p a r t  i s  x P ^x1 and w hose im a g in a ry  
p a r t  i s  xG^x1. T h e re fo re ,  W(A) I s  a  s u b s e t  o f  th e  r e c t a n g le
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w hose b o u n d a r ie s  i n  th e  p la n e  a r e  th e  l i n e s  
i  = §>* , i  -  ^  = T ** , Y= and  t h i s  r e c t a n g le
i s  e v i d e n t l y  th e  s m a l l e s t  r e c t a n g le  w i th  s id e s  p a r a l l e l  
t o  th e  a x e s  f o r  w h ich  t h i s  s ta te m e n t  c a n  be made*
Assume t h a t  WB i s  d ia g o n a l*  w h ich  a s su m p tio n  i s  
p o s s i b l e  b e c a u se  o f  C o r o l la ry  3 .2 .  L e t u o be a  p o in t  o f
and  l e t  M be th e  s e t  o f  v e c to r s  x  su ch  t h a t
u o . I f  A i s  an  m -th  o r d e r  m a trix *  th e s e  v e c to r s  
may be re g a rd e d  a s  p o in t s  i n  r e a l  2m sp ace*  and  t h a t  t h i s  
s e t  o f  p o in t s  i n  2m sp a ce  i s  c lo s e d  and bounded fo l lo w s  
from  th e  two c o n d i t io n s  im posed on x  ( x x 1 -  1 * and  
x F ^ x f -  u j . 1 H a u s d o r f f 's  argum en t t h a t  H i s  c o n n e c te d  
i s  a s  f o l lo w s i
L e t x  and  y  be  two v e c to r s  o f  Mj f o r  e a ch  
J =  1 ,  2* m, l e t  | x - |  = p^* x 3 = P j e *’*5 j and
|y j |  - . L e t  p ^ ( p i# p^* . . .  , p j *
q  = ( q , #  q ,#  • • •  * q ^ ) .  The p and  q a l s o  b e lo n g  to  M.
The f o u r  p o in t s  x* p* q* y  i n  2m sp a c e  a r e  c o n n e c te d  i n  
II a s  th e  p a ra m e te r  s  v a r i e s  from  0  t o  1 by v a r i a b l e  z  d e ­
f in e d  a s  f o l lo w s t t o  J o in  x  t o  p ,  l e t  z- = p - e ^  * tJ j
to  j o i n  p  to  q* l e t  z^ - V T ^ T ^ s jp ^ ~ f  sq^ $ to  J o in  q 
t o  y ,  l e t  zj ^ ^  I *** eaoh  3 = l i  2 * . . .  * m.
1 M. H. A. Newman* E lem en ts  o f  th e  T opology  o f  
P la n e  S e ts  o f  P o in ts  (Cam bridge* dam B rldge U n iv e r s i ty  P res%  
I539T* p .  257
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The v e c to r s  2 = ( z 1$ z x$ . . .  ,  2^ )  d e f in e d  i n  t h i s  f a s h io n  
a r e  i n  M, s in c e  z F ^ z '  -  u 6 • T h u s, K i s  a  c lo s e d ,  b o unded , 
c o n n e c te d  s e t ,  w h ich  im p l ie s  t h a t  th e  s e t  o f  r e a l  num bers 
xO x* ,  x  I n  M, i s  c lo s e d ,  bo u n d ed , and  c o n n e c te d ; t h a t  i s ,  
e i t h e r  a  s t r a i g h t  l i n e  segm ent o r  a  s in g l e  p o i n t .  T here*  
f o r e ,  th e  p o i n t s  common t o  W(A) and  th e  l i n e  f  = v l0 c o n s i s t  
o f  a  s t r a i g h t  l i n e  segm ent o r  a s in g l e  p o in t*  S in c e  & i s  
a r b i t r a r y ,  i t  fo l lo w s  t h a t  W(a) i s  co n v ex .
I f  i s  a s im p le  r o o t ,  th e n  th e  s e t  M o f  v e c to r s  
x  f o r  w h ich  xFdx* ~ c o n s i s t s  o f  th e  v e c to r s  (e 1* ,  0 ,
. . .  ,  0 ) f o r  0  = *< = 2 TT; b u t  f o r  th e s e  v e c t o r s ,  x0 ex f i s  
u n iq u e , so  t h a t  th e  b o u n d in g  l i n e  i  -- c o n ta in s  e x a c t ­
l y  one p o in t  o f  W(A).
I f  £ &± i s  a m u l t ip le  r o o t ,  say  o f  o r d e r  r ,  so 
t h a t  ^ ~  ~ oc ^  o^- t . + a. ”  ^ e  x ^  ^ * yy\ $
th e n  th e  s e t  K o f  v e c to r s  x  f o r  w hich  x # = co n ­
s i s t s  o f  v e c to r s  x  = (x i#  x ^ i . . .  ,  x r ,  0 ,  0 ,  . . .  ,  0 ) ,  
and  h ence  xQ^x*, f o r  x  i n  M, i s  s im p ly  an  H e rm itia n  fo rm  
o f  o r d e r  r ,  assum ing  a l l  v a lu e s  on a s t r a i g h t  l i n e  s e g ­
m en t. T h u s , i f  ^ 61L I s  a  m u l t ip le  r o o t ,  th e  boun d in g  l i n e  
<? -  h a s  a  s t r a i g h t  l i n e  segm ent i n  common w ith  W(A).
3 . The b o u n d ary  o f  th e  f i e l d  o f  v a l u e s . L e t A be 
th e  t r i a n g u l a r  m a tr ix
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A-
• * * a
0 ** * * * a
0 0 7i 3 «* * a
0 0 0 71* • a
Wi
z : = o# L e t Fa + 10^ h e  th e
3
d e c o m p o s it io n  o f  tA ; th e n
k - { ^ t  ^ ^ t ) / 2  ( a ±1t ) / 2 * • •
F,
( a ^ t ) / 2  { a 4t +  ^ t ) / 2  . . .  ( a 3n, t ) / S
\ ( a 1YMt ) / 2 ( a 3„ t ) / 2 (*-J> +A  t ) / 2
The c h a r a c t e r i s t i c  e q u a t io n  o f  P. i s
4  - ( ^ t +  ^ l t ) J - ( a v a t ) i
“ ( ® i a t ) i . . .
t ) i •  • •  ?  +
~ 0
S in c e  ?£ i s  H e m i t i a n ,  th e  r o o t s  o f  t h i s  e q u a t io n  
a r e  a l l  r e a l ;  th e  m r e a l  l i n e s  £  - # f o r  J  = 1# 2# • «• #
m# form  a  f a m ily  w i th  <9 a s  p a ram e te r#  th e  en v e lo p e  o f  w h ich  
i s  n e c e s s a r i l y  a  c l a s s  m c u rv e , 2 w h ich  w i l l  h e  d e n o te d  hy  
C ( a ) .  Thus# f o r  e a c h  £ # 0  £  6 £  2 r r 0 t h e r e  a m  m r e a l
2 Ha H ilto n #  P la n e  A lg e b ra ic  Curves (Second  e d i t i o n ;  
London: O xford  U n iv e r s i ty  P re ss#  1932)# P# 5 o .
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l in e s *  e a c h  ta n g e n t  to  C(A) a t  one p o in t*  T h ere  may h e  a 
v a lu e  ( o r  v a lu e s )  o f  & f o r  w h ich  We h a s  a  m u l t ip l e  ro o t*  
sa y  o f  o r d e r  r ;  th en *  f o r  t h i s  0 ,  r  o f  th e  m l i n e s  c o in c id e ,  
so  t h a t  th e  r e s u l t i n g  l i n e  i s  ta n g e n t  to  C(A) a t  r  p o in ts *  
w h ich  may o r  may n o t  be  d i s t i n c t *  I t  i s  u s u a l ly  more co n ­
v e n ie n t  t o  r e g a r d  su ch  a  l i n e  a s  r ( r  -  l } /2  c o in c id e n t  
b i t a n g e n t s  (a  b i t a n g e n t  i s  a  l i n e  ta n g e n t  to  a  c u rv e  a t  
two p o i n t s ) .  Though su ch  l i n e s  a r e  r e f e r r e d  to  a s  b i -  
ta n g e n ts  t o  C(A)* th e y  a r e  a l s o  a  p a r t  o f  0(A ) th e m s e lv e s ;  
a s  th e  argum en t f o r  t h i s  I s  a  l i t t l e  co m p lica ted *  1 s t a t e  
i t  a s  a  th e o re m .
Theorem  5+2. The b i t a n g e n t s  t o  C(A) b e lo n g  to  C(A) +
From th e  above d is c u s s io n  I t  i s  e v id e n t  t h a t  a  
n e c e s s a r y  and s u f f i c i e n t  c o n d i t io n  f o r  0 (A ) to  have  a  b i~
ta n g e n t  i s  f o r  F^ to  h av e  a d o u b le  r o o t .
A more p r e c i s e  d e s c r i p t i o n  I s  r e q u i r e d  o f  th e
m anner i n  w h ich  th e  m r e a l  l i n e s  d e s c r ib e d  above Me n v e lo p e ” 
C (A ). L e t 4^3 b e  a  s im p le  r o o t  o f  F * and l e t  x 1 b e  th e  
c h a r a c t e r i s t i c  u n i t  v e c to r  o f  ; t h a t  is *  x* i s  th e  s o lu ­
t i o n  o f  T h is  v e c to r  i s  u n iq u e ; i f  F^ i s
assum ed to  be  d ia g o n a l*  i t  i s *  i n  f a c t ,  ( 0 * 0 * *
0* . . .  * 0)*  w here th e  e i s  i n  th e  J - t h  colum n. Then 
x (tA )x *  i s  th e  p o in t  o f  ta n g e n c y  o f  th e  l i n e  w ith
0 (A ) , un ique*  s in c e  xG^x* i s  u n iq u e . On th e  o th e r  hand*
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su p p o se  i s  a  **°ot o f  F ^ ; th e n  c h a r a c t ­
e r i s t i c  v e c to r s  o f  #aj a r e  o f  th e  form  x  = ( 0 ,  0 , . , 3£ j,
x i+i,  0 ,  . . .  ,  0 ) ,  w here x ^  + a t ^ x ^  = 1 , s in c e  x x * ^  j p 
T h u s, f o r  th e s e  v e c t o r s ,  xC^fc1 i s  s im p ly  a  H e rm itia n  form  
o f  o r d e r  2 ,  so  t h a t  th e  num bers x&^x* f i l l  o u t  a  s t r a i g h t  
l i n e  seg m en t. As a  co n seq u e n c e , th e  num bers x ( tA ) x f f i l l  
o u t  a  s t r a i g h t  l i n e  segm en t; t h a t  i s ,  th e  l i n e  
h a s  a  s t r a i g h t  l i n e  segm ent i n  common w ith  C (A ). The s e g ­
m ent i s ,  o f  c o u r s e ,  th e  segm ent be tw een  th e  p o in t  o f  ta a g e n ­
cy  o f  th e  l i n e  f =  w i th  C (A ), and th e  p o in t  o f  tan g en o y  
( i n  g e n e r a l ,  d i s t i n c t  from  th e  o th e r )  o f  th e  c o in c id e n t  l i n e  
£ = ^ 3+1. w i th  C ( a ) .  What h a s  b een  shown i s  t h a t  e a ch  p o in t  
o f  th e  segm ent b e tw een  th e  two p o in t s  o f  ta n g en o y  o f  a  b i ­
ta n g e n t  o f  C(A) i s  "en v e lo p ed "  i n  th e  same se n se  a s  any p o in t  
o f  C ( a ) ,  and  h en ce  m ust a l s o  b e lo n g  to  C (a)«  F u r th e rm o re , 
e a c h  su ch  p o in t  i s  a c t u a l l y  a d o u b le  p o i n t ,  b e in g  on ea ch  
o f  two l i n e s ,  so t h a t ,  i f  th e  C a r t e s ia n  e q u a t io n  o f  th e  b i ­
ta n g e n t  i s  a x  +  by  -f c = 0 ,  th e n  th e  C a r t e s ia n  e q u a t io n  o f  
C{A) c o n ta in s  th e  f a c t o r  ( a x  -v-byn- c ) \  More g e n e r a l l y ,  
i f  i s  a r o o t  o f  o f  m u l t i p l i c i t y  r ,  th e n  th e  l i n e
4  = ^  i s  c o u n ted  a s  r ( r  -  l ) / 2  -  ^  t l t a n g e n t a j  i f  th e  
C a r t e s ia n  e q u a t io n  o f  th e  l i n e  i s  ax  + by  4 c = 0 ,  th e n  th e
k
C a r te s ia n  e q u a t io n  o f  C(A) c o n ta in s  (a x  -+- by -+ c )  a s  a 
f a c t o r ,  w here k  = 2 ^  *
A lg e b r a ic a l ly *  when we sa y  t h a t  ax  f  by -h c  i s  a  
f a c t o r  o f  th e  C a r t e s ia n  e q u a t io n  o f  a cu rve*  t h i s  im p l ie s
t h a t  a l l  p o in t s  o f  t h e  l i n e  s a t i s f y  th e  e q u a t io n .  However* 
i t  i s  d e s i r e d  t o  r e s t r i c t  th e  n o t a t i o n  0(A ) t o  th o s e  p o in t s  
a c t u a l l y  o b ta in e d  a s  d e s c r ib e d  above* x ( tA ) x f - -t 177,  
w here  x f i s  a  c h a r a c t e r i s t i c  v e c to r  o f  • T h is  r e s t r i c ­
t i o n  a f f e c t s  o n ly  th e  b i t a n g e n t s ,  w h ich  a r e  th e re b y  l i m i t e d  
t o  th o s e  p o r t i o n s  be tw een  t h e i r  p o in t s  o f  ta n g e n c y .
o f  th e  f a m ily  o f  l i n e s  o f  w h ich  0(A ) i s  th e  e n v e lo p e . The 
e q u a t io n  p r e s e n t l y  o b ta in e d  f o r  C(A) is *  t h e r e f o r e ,  th e  
e q u a t io n  o f  th e  b o u n d ary  o f  W(A) i n  th e  se n se  t h a t  th e  
b o u n d ary  o f  W(A) i s  i d e n t i c a l  w i th  th e  convex o u te r  p o r t io n  
o f  C (A ). The c a s e  m -  2 i s  e x c e p t io n a l ,  i n  t h a t  G(A) i s  
i d e n t i c a l  w i th  th e  boun d ary  o f  W (a).
E x p an sio n  o f  th e  d e te rm in a n t  g iv e n  above a s  th e  
c h a r a c t e r i s t i c  e q u a t io n  o f  y i e l d s  a  p o ly n o m ia l o f  d e g re e  
m i n  4 t
The p ^  a r e  f u n c t io n s  o f  th e  e le m e n ts  o f  Aj i n  p a r t i c u l a r ,
r  = 0 ,  1 ,  . . .  ,  m. A ls o , a s  a  consequence  o f  th e  f a c t
I t  i s  now e v id e n t  t h a t  th e  b o u n d ary  o f  W(a) i s  a 
s u b s e t  o f  C ( a ) ,  s in c e  f o r  e a c h  £ ,  £  = ?e± i s  a  member
( 1 )
Poo -  1# and -  p*j f o r  3 -  0 , 1 , . . .  ,  r ,  and
t h a t  2D r 0 ,  n o te  t h a t  p  ^ p = 0 . F i n a l l y ,  th e
i - 1
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sy m m etric  f u n c t io n s  o f  th e  The o th e r  p*- ,  w h ich  a r e ,
a)
i n  g e n e ra l*  r a t h e r  c o m p lic a te d  e x p r e s s io n s  i n  th e  ^  and  
a -  # h av e  b e e n  e v a lu a te d  o n ly  i n  th e  e a s e s  m -  2 ,  3»
L e t z  be  any  p o in t  on  any  o f  th e  m l i n e s  €  ^ $
th e n  £ - ( a t  h- z t ) / 2 * I n  ( 1 ) ,  r e p la c e  i .  by t h i s  v a lu e *  
and  m u l t ip ly  by  2 s
How c o n s id e r  a  s i n g l e  te rm  ( t h a t  i s *  f o r  a  p a r t i c u l a r  r )  
o f  t h e  above sum m ations
—  "I'M-* X ^  a 3
( z t  + i t )  2C  p,.- t
i  -  o  x  J
P t**X J (a)
m u l t ip ly  by t  ,  a s  fo l lo w s !
t  ( z t +  s t j
w h ich  y i e l d s  s
Mow s u b s t i t u t e  s  = t  t
w-jr t x -j
(a»  -+ a )  Z 3 P a
j r-o J
I t  t h i s  l a  done f o r  e a c h  r ,  ( 2 ) becom esi
-'C“v M   'V- - ~C ^   ^ X" _ i




The b in o m ia l  e x p a n s io n  o f  ( z s  -+- z )  may be  w r i t te n *
a  «
i  » - v n - a r - a  w - s f - a  __ x
( C ' ) z  8 Z- 3C 1 '
"W» Iz: r Z3L i=*
On s u b s t i t u t i n g  t h i s  i n t o  (3 )  t h e r e  i s  o b ta in e d *
i 1 i :  jwj ^ i = o  (4 )
How m u l t ip ly  th e  two p o ly n o m ia ls  i n  s i
£{£[■’"“ s5]}” 0
The te rm s  i n  s  may b e  e o l l e e t e d  by  in te r c h a n g in g  th e  i n i t i a l  
sum m ation sym bols ( p o s s ib le  s in c e  th e s e  a r e  f i n i t e  sum s) :
£  £  z :  ) - - ' ■ '  i s]  -  o
K - ° x = o L_ 3-‘v3-k
S in c e  s '  i s  in d e p e n d e n t o f  r*
~Z2 sw' K 2Z 1 C  p^i L „ roj )z~'* 3 b 3 - o  (5 )
K=0 3T-0 *-+}-*
R eg ard in g  (5 )  a s  a  p o ly n o m ia l i n  s ,  w r i t e t
72 = o (6)
w here
U„= 2  E p ri L_* = 3
Two s p e c i a l  p r o p e r t i e s  o f  th e  u K sh o u ld  be n o te d .  S in c e  
L - r  cj )  “ )* an d  P**-j = Pt j  » lt!  l s  e v id e n t
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t h a t  Uj = u„_- . A g a in , s in c e  th e  num bers ( - 1 )  p^a aye  
t h e  sym m etric  f u n c t io n s  o f  th e  l i ,  and  (w»-rOe ) - 1 ,  u 0 i s  
th e  c h a r a c t e r i s t i c  f u n c t io n  o f  A*
Now z i s  any  p o in t  on any  o f  th e  m l i n e s  f o r  a n  
a r b i t r a r y  6 ,  so  t h a t  (6 ) i s  th e  e q u a t io n  o f  th e  f a m ily  o f  
l i n e s  th u s  p ro d u ced  a s  & v a r i e s  from  0  to  2 tt * The en~ 
v e lo p e  o f  th e  f a m ily  i s  o b ta in e d  by e l im in a t in g  s  b e tw een  
( 6 ) an d  i t s  d e r i v a t i v e  w i th  r e s p e c t  t o  s i  t h a t  i s *  s im p ly  
by s e t t i n g  th e  d i s c r im in a n t  o f  ( 6 ) e q u a l  to  zero*  To show 
t h i s ,  l e t  («5) be  d e n o te d  by f ( s )  -  0 . How d f / d 6 =. ( d f / d s )  
( d s /d  G ) •  B u t s  = ' t  ,  d s /d B  -  * 2 i t  * T h e r e f o r e ,
d s /d &  i s  n o t  z e ro  f o r  any  v a lu e  o f  and  d f / d  & = 0  I s
e q u iv a le n t  t o  d f / d s  -  0 . T h a t i s ,  e l im in a t in g  a from  ( 6 ) 
i s  e q u iv a le n t  to  e l im in a t in g  6 .
w\
The d is c r im in a n t  o f  S  u ^ s  i s  th e  e l im in a n t
o f  t h i s  p o ly n o m ia l w i th  i t s  d e r i v a t i v e  ( e x c e p t  f o r  a  co n ­
s t a n t  f a c t o r ) .  Thus th e  e q u a t io n  o f  C (a )  i n  d e te rm in a n t  
fo rm  1s t
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u o . . . u -  X “VM-1 u 0 . . . 0
0 .  *. u■w - a. U'm - ± u . . . 0
0 0 . . . U± . . . uOv>
muo (m -l)u ^ . . . 2u 0 0 . . . 0
0 muo . . . 3u^-3 2u - hL u '** ~i 0 . . . 0
0 0  mxo (m - l ju ^ u»h - 2
- 0
4 .  Ifoe P liic k e r  c h a r a c t e r i s t i c s  o f  C(A) .  L e t n  be 
th e  d e g r e e ,  m th e  c l a s s ,  <5 th e  num ber o f  n o d e s , k th e  num ber 
o f  c u s p s ,  'T th e  num ber o f  b l t a n g e n t s ,  i th e  num ber o f  In *  
f l e c t i o n s  o f  a  c u rv e . T hese  s i x  num bers a r e  c a l l e d  th e  
P li ic k e r  num bers o f  a  c u rv e  and a r e  c o n n e c te d  by  th e  e q u a t io n s !
( 1 ) m = n (n  -  1 ) -  2 8 - 3 k
( 1 1 ) n  -  m(m * 1 ) -  2 r  -  3 t
( 1 1 1 ) i =, 3n ( n  -  2 ) * 6  5 -  8  n
S ix  o th e r s  may b e  deduced  from  t h e s e ,  b u t  a r e  n o t  l i s t e d ,
s in c e  th e y  w i l l  n o t  be needed  I n  th e  d i s c u s s io n .  3
I t  h a s  b ee n  e s t a b l i s h e d  e a r l i e r  t h a t  i f  0(A ) h a s  a 
b i t a n g e n t  ax  +  by  + c = 0 ,  th e n  (a x  + by - i-c )  I s  a  f a c t o r  
o f  th e  e q u a t io n  o f  C (A ). How assum e t h a t  th e s e  l i n e a r  f a c t *  
o r a  h av e  b een  d ro p p ed ; th e n ,  e x c e p t f o r  no rm al m a t r i c e s ,
3 Ibid., p. 118.
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t h e r e  I s  a  re m a in in g  f a c t o r ,  w h ich  w i l l  h e  d e n o te d  by 
C’ (a )> & et N d e n o te  th e  d e g re e  o f  0 ( a ) ,  and  n  th e  d e g re e  
o f  C '(A ) .
The c u rv e  C (a ) h a s  no i n f l e c t i o n  p o i n t s ,  so  t h a t  
I = 0 .  The arg u m en t f o r  t h i s  i s  b a se d  on th e  c h a ra c ­
t e r i s t i c  e q u a t io n  o f  F^ • The c o e f f i c i e n t  o f  can  be 
w r i t t e n  cos(m  -  r  -  2 i ) o  +■ s in (m  -  r  -  21) s j ,
w here  1 r a n g e s  fro m  0  t o  t h e  I n t e g r a l  p a r t  o f  (m * r ) / 2 .
The c o n t i n u i t y  o f  th e s e  c o e f f i c i e n t a ,  and th e  f a c t  t h a t  
a l l  r o o t s  o f  F6 a r e  r e a l ,  im p ly  t h a t  * i s  a  c o n tin u o u s  
f u n c t io n  o f  & . B u t 4  w ould be d is c o n t in u o u s  a t  an  i n ­
f l e c t i o n  p o i n t . The f a c t  t h a t  1 = 0 may be  u se d  t o  d e te rm in e  
H.
Theorem  5«3« I f  A i s  an  m -th  o r d e r  m a t r ix ,  th e n  
th e  d e g re e ,  K, o f  C (a ) i s  m(m -  1 ) .
I t  h a s  b een  shown t h a t  N -  n  +- 2 'T • Prom F lu e k e r f s
e q u a t io n  ( i i ) ,  n  -  m(m -  1 ) -  2 r  j  t h e r e f o r e ,  B m(ra -  1 ) .
I t  i s  p o s s i b l e  f o r  C(A) to  be  r e d u c ib le  i n  a n o th e r  
way ( t h a t  i s ,  o th e r  th a n  i n t o  O '(A ) and l i n e a r  f a c t o r s  
r e p r e s e n t in g  b i ta n g e n ts ) *  i t  may be  f a c t o r a b l e  a s
f ( x ,y ) g ( x ,y )  -  0 ,  Where f ( x , y )  -  0 and g ( x ,y )  =  0 a r e
c u rv e s  o f  c l a s s e s  n e c e s s a r i l y  l e s s  th a n  m* I f  r  i s  th e  
c l a s s  o f  th e  f i r s t  f a c t o r  i t s  d e g re e  i s  r ( r  ~ l ) f  th e n  th e  
c l a s s  o f  th e  re m a in in g  f a c t o r  i s  m -  r ,  and i t s  d e g re e  
(m -  r ) (m  -  r  -  1 ) .  Ncw two su ch  c u rv e s  w i l l  have r(m  -  r )
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common ta n g e n ts  ( r e a l  o r  Im a g in a ry )  s and th e s e  common ta n *  
g e n ts  a r e  b i t a n g e n t s  o f  C(A)* r e p r e s e n te d  i n  th e  e q u a t io n  
o f  C (a )  by  l i n e a r  f a c t o r s  o f  t o t a l  d e g re e  2r(m  ~ r ) .
Thus* th e  t o t a l  d e g re e  o f  0 ( a ) i s
N -  r ( r  -  1 ) +- (m * r ) (m  -  r  -  1 ) -+- 2r(m  -  r )  = m(m -  1 )*
An in d u c t io n  may b e  e s t a b l i s h e d  to  p ro v e  th e  th eo rem  f o r  
m ore th a n  two f a c to r s *
No a t te m p t  i s  made t o  d i s c u s s  th e  v e ry  c o m p lic a te d  
p ro b lem  o f  w hat hap p en s t o  th e  p li ic k e r  c h a r a c t e r i s t i c s  i n  
t h i s  ty p e  o f  r e d u c i b i l i t y *  I n  th e  re m a in d e r  o f  th e  p r e s e n t  
s e c t io n *  Cf (A) I s  assum ed t o  be I r r e d u c ib le *  and t h e r e f o r e  
o f  c l a s s  m*
A d d i t io n a l  in fo rm a tio n  on th e  P lu c k e r  c h a r a c t e r i s t ­
i c s  o f  C (a ) i s  o b ta in e d  from  K le in *& e q u a tio n * ^  L e t  k  be  
th e  num ber o f  r e a l  cusps*  d th e  num ber o f r e a l  acnodes*  o r  
i s o l a t e d  p o in ts *  1 th e  num ber o f  r e a l  i n f l e c t i o n s *  and  t  
th e  num ber o f  I d e a l  b i t a n g e n t s .  The K le in * s  e q u a t io n  i s  
n + i ^ 2 t  = a  + k  +  2 d . S in c e  i - 0* c e r t a i n l y  1 = 0 .
Again* s in c e  a l l  r e a l  b l ta n g e n ta  have r e a l  p o in t s  o f  c o n ta c t*
th e r e  a r e  no i d e a l  b i t a n g e n t s .  Hence* K l e i n 's  e q u a t io n  be*
comes k  + 2d = n  -  m.
A co m p ariso n  o f  K le in ' s e q u a tio n  w i th  P lu c k e r* s  
e q u a t io n  ( i v )  y i e l d s  a s t r o n g  r e s t r i c t i o n  on k .
* I b l f l . .  p .  361 .
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( i v )  K = 3m(m -  2 ) -  6 t  ~ 8 < .
S in c e  1 = 0 ,  K 3mfm -  2) -  6 y. Now, n  r  m(m -  1 ) -  2 r ,  
30 t h a t  K le i n 1 s e q u a t io n  may b e  w r i t t e n
k  2d -  m(m -  2} -  2 t .  S in c e  d ~  0 , k  = m(m -  2 ) -  2 r *  
T h u s , i t  i s  e s t a b l i s h e d  t h a t  th e  num ber o f  r e a l  
c u s p s  i s  l e s s  th a n  o r  e q u a l  t o  o n e - th i r d  o f  th e  t o t a l  
num ber o f  c u s p s j  th e  e q u a l i t y  h o ld s  i f  n  = N. A p ro o f  o f  
a  th eo rem  w hich  i s  th e  d u a l  o f  t h i s  w i th  r e f e r e n c e  t o  th e  
p o l a r  r e c i p r o c a l  c u rv e  i s  g iv e n  by C o o lid g e .5
5 . M um aghan1 s  e q u a t io n . The a r t i c l e  by M urnaghan 
r e f e r r e d  to  e a r l i e r ^  makes a  d i f f e r e n t  u se  o f  th e  c h a r ­
a c t e r i s t i c  e q u a t io n  o f  • I n  th e  c h a r a c t e r i s t i c  d e t e r ­
m in a n t o f  ,  th e  d ia g o n a l  e le m e n t £  -  ( ^ i t  ■+ A j.t) / 2  
i s ,  f o r  e a c h  k  = 1 , 2 ,  . . .  , m, th e  d i s t a n c e  from  to  
th e  l i n e  £  - £  &h • C a l l  t h i s  d i s t a n c e  p ^ . Then th e  
e q u a t io n  may be w r i t te n *
p* (-a** t)/2 ...
(*^ i P^ • • • (-a^t)/2
(-a*v~t}/2 (-aa^ t)/2 ... P-w,
M um aghan * b p r i n c i p a l  c o n c lu s io n  i s  t h a t  th e
5 j .  L . C o o lid g e , A lg e b ra ic P la n e  C urves (Oxford* 
The C la ren d o n  P r e s s ,  1 9 3 1 ) , p .  114 ,
6 M um aghan, o p . c i t . ,  p .  248.
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c h a r a c t e r i s t i c  r o o t s  o f  A a r e  In  g e n e r a l  th e  f o c i ?  o f  th e  
c u rv e  h e r e  d e n o te d  by  C (a)*  F o r ,  I n  d e te rm in in g  th e  f o c i ,  
o n ly  th e  h ig h e s t  d e g re e  t e r e s ,  h e re  p^pz py . . .  $ o c c u r j
a  ta n g e n t  th ro u g h  a fo c u s  i s  o f  th e  f o r e  z *• a c o n s t a n t ,  
w h e re a s , h e r e ,  i f  z = ,  th e n  pa =. 0 , co t h a t  2 ,=. a j  I s
n e c e s s a r i l y  a  ta n g e n t  th ro u g h  Hence i s  a fo cu s*
The r e l a t i o n s h i p s  d is c u s s e d  h e re  a r e  u se d  in  follow -* 
in g  s e c t io n s  i n  th e  s tu d y  o f  th e  s p e c i a l  o a s e s  m 2 , 3$
7 H i l to n ,  c i t ** p .  6 9 .
mThe Second O rd e r  M a tr ix  
A d i r e c t  c a l c u l a t i o n  f o r  C(a )« L e t A he th e
m a tr ix
w i t h  h  and  e  r e a l*  Then C(a ) I s  th e  e l l i p s e
x V a * +■ w here a 1 = b^ 4 F o r  th e  p ro o f#  th e
fo l lo w in g  lemma I s  u s e fu ls
T h is  v e c to r  I s  an  o b v io u s  s o lu t io n  o f  
(71 I  -  B)x* = 0# and  th e  c o n c lu s io n  o f  th e  lemma r e s u l t s  
from  m u l t ip ly in g  t h i s  e q u a t io n  on th e  l e f t  by x ;
Theorem  6 * 1 * The f i e l d  o f  v a lu e s  o f  a  second  o r d e r  
m a tr ix  I s  an  e l l i p s e .
L e t  A be a s  g iv e n  above j th e n  th e  H e rm itia n  de~ 
c o m p o s itio n  o f  tA I s i
c
Lemtaa 6 . 1 > L e t  'A b a  a  c h a r a c t e r i s t i c  r o o t  o f
Then xBx -  A # i f  x  -  ( l / H ) ( q ,  a -  p )#  w here
H = V «  + ( * -  P ) ( *  " p)«
o co s  &




A p p l ic a t io n  o f  th e  lemma t o  y i e l d s  a  v e c t o r  x  f o r  
w h ich  x F ^x1 = $ e±  i x  -  ( l / K ) ( b t ,  ~ o c o e d ) #
w here  H = \ f *  2 ~ c C°S e)% Then x (tA )x *  -  + ixG ^x*.
C a lc u l a t i o n  o f  xQ ^x' y i e l d s  ( -c^  s i n  6- c o s  & / ^ a i ) .  How 
ta k e  th e  r e a l  and  im a g in a ry  p a r t s  o f  th e  com plex num ber 
x (tA )x *  a s  C a r t e s ia n  c o o r d in a te s  i n  th e  4 ^  p lan e*  The 
r e s u l t i n g  p o in t
£  -
nj -  ( - c ^ s i n ^ c o s  e- ) / ^ j  
i s  a  p o in t  o f  C (a ) a n d , o f  c o u r s e ,  a l s o  o f  th e  b o u n d ary  
o f  V(A)« How, r e c a l l i n g  t h a t  
x  -  f  c o s  a  -  yi s i n  £  
y  -  $  s i n  d- + rf co s  £ 
and  c a l c u l a t i n g  -  ' \TbL -t e^cos^d  ,  t h e r e  i s  o b ta in e d  
f b ^ 4- c^ k o s  ^
V b " +
_  bx s i n  Q
^  i / h ' +  c^co sM
On e l im in a t in g  & and r e p la c in g  b* + by a%  th e  
e q u a t io n  x~/sT~ -b y ^ /b ^  = 1 i s  o b ta in e d *
T h is  d i r e c t  c a l c u l a t i o n ,  c o m p lic a te d  f o r  th e  seco n d  
o r d e r  m a t r ix ,  i s  n o t  p r a c t i c a b l e  f o r  h ig h e r  o rd e rs*
F o r  th e  g e n e r a l  c a s e ,  l e t  a b e  th e  m a tr ix  
p  q^
A -  [
r  s
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Then a  u n i t a r y  m a t r ix  9  su c h  t h a t  HAtf1 l a  t r i a n g u l a r  1 s t
q/H (*±. ~ p ) / ^
* { ^  * p ) /S
w here  II -  1/ qq  + (* *  -  p ) ( ^  ~p)* C a lc u l a t i o n  o f  0A0* 
y i e l d s
I 0  ^
•2.
L e t € = B -  e l ,  w here c -  ^ <*ij th e n  th e  d ia g o n a l  
e le m e n ts  o f  0 a r e  sy m m e tr ic a lly  p la c e d  w i th  r e s p e c t  to  th e  
o r i g i n .  L e t th e  a m p litu d e s  be * and  -<*$ th e n  th e  d ia g o n a l  















C (E ), a s  shown a b o v e , i s  x? /a~  + y ^ /b ^ -  l j  C(A) ca n  he  
fo u n d  by p e rfo rm in g  on G(E) th e  in v e r s e s  o f  th e  r o t a t i o n  
and  t r a n s l a t i o n  p e rfo rm ed  on 0  and  C r e s p e c t iv e ly *
Two s p e c i a l  u n i t a r y  t r a n s fo rm s  o f  th e  s ta n d a r d  form  
E above a r e  e x h ib i t e d  h e r e  a s  a  m a t te r  o f  i n t e r e s t s
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a  b 0  a  +■ b
- b  - a  |
o,ote
A -
2 . j& e t i u c M r  m a o i s m  m k  e & M Lsl m & M m .*
A cco rd in g  t o  th e  g e n e r a l  d i s c u s s io n  o f  s e c t i o n  V , th e  
d e g re e  o f  G (a) i s  m(m -  1 ) .  F o r  ra -  2 , t h e r e f o r e ,  th e  
d e g re e  i s  2 . s in c e  m = n  = 2 ,  th e  F lu o k e r  r e l a t i o n s  im p ly  
t h a t  £ -  K ^  ^  ~ L -  0* K le in 1 a e q u a t io n  y i e l d s  no 
a d d i t i o n a l  in fo rm a tio n *  T hese f a c t s  a r e ,  o f  c o u r s e ,  co n ­
s i s t e n t  w ith  th e  e l l i p s e ,  now known to  h e  0 { a) f o r  t h e  second 
o r d e r  ease*
3 .  On, f in d in g  0(A ) b £  means <g£ j& a  f l M S f i M W i  
o f  Fe . I*et a h e  th e  seoond  o r d e r  m a tr ix
c 2b
0  - c
F o r  tA  -  F^. +- &*d,  th e  m a tr ix  F& i s  g iv e n  by
e ( t  + t ) / 2  h t
h t  - c ( t  + t ) / 2
The c h a r a c t e r i s t i c  e q u a t io n  o f  F6 t
4 " - ic l (t+ t)V  - b" = o
    "i.
S u b s t i t u t e  i ( z t - * -  s t ) ,  m u l t ip ly  hy  t  ,  and  r e p la c e
 _ i—
t  hy  s ,  t o  o b ta in
u a 8^  -v u jb  + — 0 ,
w here  u  - -  c \  u  ^  2zz  -  4b^ -  8c%  u ,  ^ u  •O J  ^ o
The d e s i r e d  e q u a t io n  o f  0 ( a ) I s  o b ta in e d  by s e t t i n g  th e
/




- 4u0u0 =. 0
o r  ( 2ks * 4b -  2d ^ ) -  4 { s  ** o*~)(s -  c )  — 0 
On r e p la c in g  t  by  x  +- i y ,  p e r fo rm in g  in d i c a t e d  o p e ra t io n s *
and  co m b in in g  s i m i l a r  t e r n s *  th e r e  i s  o b ta in e d *  a s  b e fo re *
^  *  1 . 1 -  _ x  / a  +• y  / b  = 1 #
4. Mumaghan^ equation. In Mumaghan* s notation
th e  c h a r a c t e r i s t i c  e q u a t io n  o f  Fd i s i
Pd.
~ b t pa
o r  on expand ing*  P ^P ^- b  -  0* M um aghan p o in t s  o u t  t h a t  
t h i s  i s  s im p ly  th e  a l g e b r a ic  f o rm u la t io n  o f  th e  w e l l  known 
p r o p e r ty  o f  t h e  e l l i p s e  t h a t  th e  p ro d u c t  o f  th e  d i s t a n c e s  
from  th e  f o c i  t o  a  ta n g e n t  i s  e q u a l  t o  th e  s q u a re  o f  th e  
m in o r a x i s , 1
The c o r re s p o n d in g  s ta te m e n t  f o r  th e  h y p e rb o la  i s
Px P^ + b* -  0 ,  Thus* th e  e q u a t io n  p^p^ -  k  y i e l d s  an
e l l i p s e  o r  an  h y p e rb o la  a c c o rd in g  a s  k  I s  p o s i t i v e  o r  n eg ­
a t iv e *  and  a  s t r a i g h t  l i n e  segm ent i f  k  = 0 * T h is  s i t u a ­
t i o n  may b e  g e n e ra l i s e d *  s in c e  e v id e n t ly  any  c l a s s  m c u rv e  
v l t h  m r e a l  f o c i  may be  e x p re s s e d  i n  th e  fo rm  o f  a  p o ly ­
n o m ia l e q u a t io n  o f  d e g re e  m i n  th e  p- • One v a r i e t y  of c u rv e
t h a t  r e s u l t s  i s  unbounded* and r e l a t e d  to  th e  bounded
v a r i e t y  w h ich  i s  0(A ) f o r  some m a tr ix  A i n  a  m anner
1 H. B . P in e  and H. 0* Thompson* Coordi n a t e  (toom etrv 
(Mew f o rk s  The M acm illan  Company* 1927)* p i ' ©p.
analogous to tfaa relationship o f  the h y p e rb o la  t o  th e  
ellipse.
5. i  jEssya $£ Sai«ia£ axala wSM a
second order matrix. I n  a  r e c e n t  p a p e r *2 B ra u e r  p ro v ed  
that* if p K= Z 3 \ a Kj |  ,  f o r  k  = 1* 8* a* th e n  e a c h
3
c h a r a c t e r i s t i c  ro o t*  A # o f  a  m a tr ix  A -  ( a ^  ) I l e a  I n  th e  
i n t e r i o r  o r  on  th e  b o u n d ary  o f  a t  l e a s t  one o f  th e  m(® * l ) / k  
C a s s in i  o r a l s
l«  -  « i i l  I * -  •« « ! = p iP „
I n  e a s e  n  -  2 * t h e r e  i s  o n ly  one C a s s in i  o r a l  and  th e  
c h a r a c t e r i s t i c  r o o t s  a r e  on  i t s  b o u n d a ry . £ e t  M be  th e  
s e t  o f  m a t r i c e s  w h ich  a r e  u n i t a r y  t r a n s fo rm s  o f  a  g iv e n  
seco n d  o r d e r  m a tr ix  A. F o r  e a c h  m a tr ix  o f  H t h e r e  i s  a  
u n l( |u e  C a s s in i  o v a l ,  so  t h a t  th e r e  i s  d e te rm in e d  a  s e t ,  C, 
o f  C a s s in i  o v a ls  a s s o c i a t e d  w i th  A an d  h en ce  w i th  W(A), 
th e  f ix e d  e l l i p s e  w h ich  I s  th e  f i e l d  o f  v a lu e s  o f  e a c h  
member o f  K.
The f o t i  o f  a  g iv e n  C a s s in i  o v a l  o f  C a r e  th e  
p r i n c i p a l  d ia g o n a l  e le m e n ts  o f  th e  c o r re s p o n d in g  m a tr ix  o f  
M. How th e  p r i n c i p a l  d ia g o n a l  e le m e n ts  o f  a  m a tr ix  b e lo n g  
to  i t s  f i e l d  o f  v a lu e s#  and  by  Theorem  2 .2 #  h av e  th e  same 
c e n t r o id  a s  th e  c h a r a c t e r i s t i c  r o o t s .  T h e r e f o r e ,  th e  f o o l  
o f  any  C a s s in i  o v a l  o f  C a r e  a  p a i r  o f  p o in t s  w i th in  o r  on
2 A lf r e d  B rau e r#  " l i m i t s  f o r  t h e  C h a r a c t e r i s t i c  
ItootB o f  a  M a t r ix ," Duka M a th em a tic a l J o u r n a l ,  XIV, (1 9 * 7 ) , 
21*”2o«
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t h e  e l l i p s e  and  s y m m e tr ic a l ly  p la c e d  w i th  r e s p e c t  t o  i t s  
c e n te r*  C o n v e rs e ly , e a c h  two su ch  p o i n t s ,  p and q ,  a r e  
th e  f o c i  o f  some C a s s in i  o v a l  o f  C, f o r ,  t o  o b ta in  th e  
c o r re s p o n d in g  m a tr ix  o f  M, i t  s u f f i c e s  t o  ta k e  a s  th e  
f i r s t  row o f  9  a  u n i t  v e c to r  u  su c h  t h a t  uAu* = p .
Though f o r  a  g iv e n  m a tr ix  A, B r a u e r 1 s  th eo rem  
r e s t r i c t s  th e  p o s s i b i l i t i e s  f o r  th e  c h a r a c t e r i s t i c  r o o t s  
t o  th e  b o u n d ary  o f  a  s in g l e  C a s s in i  o v a l ,  th e  t o t a l i t y  o f  
a l l  p o in t s  w h ich  c o u ld  a r i s e  a s  p o s s i b i l i t i e s  I n  t h i s  way 
e v i d e n t l y  c o n s i s t s  o f  th e  s e t  o f  a l l  b o u n d ary  p o in t s  on  
a l l  o f  th e  C a s s in i  o v a ls  o f  6 ,  s in c e  th e  g iv e n  m a tr ix  A 
may h av e  b ee n  any  a r b i t r a r y  member o f  B* A co m p ariso n  o f  
t h e  r e s u l t i n g  s e t  o f  p o i n t s  i s  o b ta in e d  i n  th e  fo l lo w in g  
th e o re m .
Theorem  6 .2 .  The s e t  o f  p o in t s  ly in g  on th e
b o u n d a r ie s  o f  th e  C a s s in i  o v a ls  o f  0 c o n s i s t s  o f  th e  i n -
t e r i o r  and  c irc u m fe re n c e  o f  th e  c i r c l e  c o n c e n t r ic  w i th  th e  
e l l i p s e  and  w i th  r a d iu s  Va^~ +  b^ •
The e l l i p s e  may b e  assum ed I n  s ta n d a r d  p o s i t io n *  
E v id e n t ly  th e  C a s s in i  o v a ls  w h ich  e x te n d  f a r t h e s t  from  
th e  c e n te r  a r e  th o s e  whose f o c i  a r e  on th e  c irc u m fe re n c e  o f  
th e  e l l i p s e *  C o n s id e r ,  th e n ,  th e  su b fa m ily  G* o f  C a s s in i  
o v a l s  whose f o c i  a r e  a t  ( u ,v )  and  ( - u , - v )  f o r
u V a  + ▼ A  -  ! •  L e t  r  and  s  be  th e  c o n s ta n t s  ©f th e
C a s s in i  o v a lf  th u s  r  i s  th e  d i s t a n c e  from  th e  c e n t e r  to  a
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f o c u s ,  and  i s  th e  p ro d u c t  o f  th e  d i s t a n c e s  from  a  p o in t  
on  th e  o r a l  t o  th e  two fo c i*  Then
"3- 2T ~ U -+■ V
-  (az b^ + c zu * ) /a ^
And s in e s  th e  o v a l  p a s s s s  th ro u g h  th e  f e e l  o f  th e  e l l i p s e ,  
l "  = [< c  -  u )  + v ^ j £  (e  + u f '  •+ v z j  V 
-  (a* -  e xu " ) / a ^
The s im  o f  th e s e  two q u a n t i t i e s  l a  
r  + s  -  a  + b  
B u t \Jr^  s "  i s  th e  d i s t a n c e  from  th e  o r i g i n  t o  t h e  end  
o f  t h e  m a jo r  a x i s  o f  th e  C a s s in i  o v a l ,  so  t h a t  t h i s  d i s t a n c e ,  
f o r  members o f  Cf ,  I s  c o n s ta n t ly  Va* + b  . F u r th e rm o re , 
a l l  o t h e r  p o in t s  o f  th e  o v a l  a r e  c l o s e r  t o  th e  o r ig in *  I t  
i s  now e v id e n t  t h a t  e a c h  p o in t  o f  th e  c i r c l e  o f  th e  th e o rem  
i s  i n  th e  i n t e r i o r  o r  on  th e  b o undary  o f  some C a s s in i  o v a l 
o f  € ;  e a c h  p o in t  i n  o r  on th e  e l l i p s e  i s  a  fo c u s  f o r  some 
o v a l  o f  c ,  a n d , t h e r e f o r e ,  c e r t a i n l y  i n t e r i o r  to  i t ,  and  each 
p o i n t  o u t s id e  th e  e l l i p s e  b u t  i n s i d e  o r  on th e  c i r c l e  l i e s  
on  th e  l i n e  j o in in g  th e  fo c u s  o f  some member o f  0 * to  th e  
end  o f  i t s  m a jo r  a x is*
To co m p le te  t h e  p r o o f ,  i t  i s  p o s s ib le  by  c o n s id e r*  
a t i o n s  o f  c o n t i n u i t y  t o  show t h a t  e a c h  p o in t  o f  th e  c i r c l e  
i s  a c t u a l l y  on th e  b o u n d ary  o f  some o v a l .  The e q u a t io n  o f  
th e  f a m ily  o f  c a s s i n l  o v a ls  can  be w r i t t e n  p a r a m e t r i c a l ly
*1
j~(x -  a t  c o s  e ) +  (y  -  b t  s i n  & ) ]  £  (*  c o s  o  )
-t-(y +  b t  s i n  6  )"*"]
- [ { c  -  a t  c o s  & ) +- ( - b t  s i n  & ) J £  (c  -h a t  c o s  & )
+ ( b t  s i n  B  )* J
f o r  th e  r a n g e s  0  ^  t  £  l»  and  0 ^  ^  8 TT. R e p re s e n t in g
t h i s  e q u a t io n  by  th e  num ber p a i r  ( t*  6 ) ,  i t  i s  e v id e n t  
t h a t  t h e  p o in t s  it, B ) i n  th e  £* e  p la n e  f i l l  up th e  In *
t e r i o r  and  b o u n d ary  o f  a  r e c t a n g l e ,  F o r  a  g iv e n  p o in t  p i n
th e  c i r c l e  o f  th e  theorem * l e t  (fec * Q* J r e p r e s e n t  a  
C a s s in i  o v a l  c o n ta in in g  p i n  i t s  i n t e r i o r  o r  on i t s  boundary . 
How th e  C a s s in i  o v a l  c o r re s p o n d in g  t o  th e  num ber p a i r  (0# e ) ,  
w here e  i s  th e  e c c e n t r i c i t y  o f  th e  e l l i p s e *  I s  a  d e g e n e ra te  
c a s e  c o n s i s t i n g  s im p ly  o f  th e  two f o c i  o f  th e  e l l i p s e .
Thus* t h e r e  i s  e x h ib i te d  a  C a s s in i  o v a l  c o n ta in in g  p* and 
one n o t  c o n ta in in g  p .  The c o r re s p o n d in g  p o in t s  (£ 0 ,  B0 ) 
an d  ( 0 *e) i n  th e  £ * 6  p la n e  d e te rm in e  a  s t r a i g h t  l i n e  s e g ­
m ent* e a c h  p o i n t  o f  w h ich  c o r re s p o n d s  to  a  C a s s in i  o v a l  
o f  0} th e n  some p o in t  o f  th e  segm ent c o r re s p o n d s  t o  an  o v a l  
p a s s in g  th ro u g h  p .
The d ia g o n a ls  o f  th e  c i r c u m s c r ib in g  r e c t a n g le  o f  
th e  e l l i p s e  w ith  s id e s  p a r a l l e l  to  t h e  ax e s  o f  th e  e l l i p s e  
a r e  d ia m e te rs  o f  th e  c i r c l e  o f  th e  theo rem  and  s e rv e  to  
c l a s s i f y  th e  o v a ls  o f  Cv i n t o  th o s e  w ith  two lo o p s*  th e  
le m n ls c a te s *  th o s e  w ith  one loop* a c c o rd in g  a s  th e  f o c i  a r e  
i n  th e  s m a l le r  a n g le  form ed by th e  d ia g o n a ls*  on th e  d la g o n -
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&1 ,  o r  i n  th e  l a r g e r  an g le*
Some s p e c i a l  c a s e s  a r e  o f  i n t e r e s t *  F o r  t h e
m a tr ix
0  a  -+- b
a  -  b  0
t h e  a s s o c i a t e d  C a s s in i  o v a l  d e g e n e ra te s  i n t o  two c o in c id e n t  
c i r c l e s ,  w i th  th e  l i n e  J o in in g  th e  f o c i  o f  th e  e l l i p s e  a s  
a  d ia m e te r*  F o r  th e  c a s e  b -  0 ,  th e  e l l i p s e  d e g e n e ra te s  
to  a  s t r a i g h t  l i n e  seg m en t, and th e  c i r c l e  o f  th e  th eo rem  
h a s  t h i s  l i n e  segm ent a s  a  d ia m e te r*  F o r  th e  e a s e  c = 0 ,  
th e  e l l i p s e  d e g e n e ra te s  to  a c i r c l e ,  and th e  a s s o c ia te d  
C a s s in i  o v a ls  a r e  a l l  le m n ls c a te s *
VII
The T h ird  O rd e r  M a tr ix
1 .  C a lc u la t io n  o f  th e  e q u a t io n  o f  C(Ah  The 
m ethod u se d  i n  t h i s  c a l e u l a t i o n  i s  th e  one d e s c r ib e d  i n  
V# I n v o lv in g  th e  u s e  o f  th e  d is c r im in a n t  o f  a  c e r t a i n
p o ly n o m ia l i n  s .  L e t a he  th e  m a tr ix
\





w here  ZH II 0 • T hen , i f tA - F.& 10e*
/  ( 3 . , t  -+ >xt) / 2
V
( a i a  t ) / 2
( ■ «  t ) / 2  
< a i 3 1 ) / 2
(*j_t -+■ a ^ tJ / 2
( a 13t ) / 2
( a i 3t ) / 2
( a * ,  t ) / 2  ( a 3 t  + a3 t ) / 2
The c h a r a c t e r i s t i c  e q u a t io n  o f  i s :
pa l  + i ( p 30 t ’ + p s i t  ^  p 31t+ p3 3 t )  = o
w here pJo r  + a* *x
P a  a.  — - ( * A ^  +  *  A i  +  * 1 X ^ 1 2  +  * ± , * * 3  +  a i 3 a „  )
Paz '  P-20
P30 -  ~ ** 3 ,
P r , -  *31
P3*
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wI n  this equation, substitute 4 = # ( s t  +  zt), m u l t ip ly  by
-  3 _ ■ *
( 2 t )  ,  and  l e t  t  -  a t
( z s  +  1 ) -f (zs + z ) ( p i 0 s '  + pz:Ls  +• p i0  )
+  (P 3o 8 5 +  P3±9 + p 3 t s +  P3<> ) — 0
P erfo rm  in d ic a t e d  o p e r a t io n s  and  c o l l e c t  te rm s  i n  a ,  t o  ob­
t a i n s
u6 a3 + u j s *  + u^s + u3 = 0 
w b ere  u o a3 +■ p aoz  +- p3.
u t = 3*'S + p , j i  + PI6i  +-p31
= «o
Then u Gs 3 +■ u As^  +  u xs  + u e = 0 . How, a c c o rd in g  to  V, th e
e q u a t io n  so u g h t i s  s im p ly  th e  d is c r im in a n t  o f  t h i s  polynom ­
i a l  i n  s  s e t  e q u a l  t o  z e ro s 3*
« X  -  -  * « .« !  + i S u ^ u ^ u ^ -  27  u*u* = 0 .
R e p la c in g  th e  by t h e i r  v a lu e s  a s  g iv e n  above y i e l d s  th e
e q u a t io n  o f  C(A) i n  te rm s  o f  th e  com plex v a r i a b l e  z $ from
w h ich  th e  C a r t e s ia n  e q u a t io n  fo l lo w s  on s u b s t i t u t i n g  
z =. x  + iy«  The e q u a t io n  i n  te rm s  o f  zs
**  C '*PU -  2 7 ^ 0  > +  + 12p a2o p a± )
^ ■ V t - a T S ^  -  I2pi0 -  »ap„ Pa'. -  5*PJO p 2 J  
+ *, i ’ <*i£t + 5*P3±P31 + 2 ^ opaop^ + 5*P3„P3o )
1 V. S* B u rn s id e  and A, W. P a t to n ,  The T heory  o f  
E q u a tio n s  (S e v e n th  E d i t io n ;  D ublin*  D u b lin  U n iv e r s i ty  P r e s s ,  
1 912 ) /  i ,  p .  8 3 .
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5*P30l»3 i)
« a “ (5 4 p ,0 P ,, + lZ lC o P aa) + * ("^P* . * * * , .  )
-» a V t - S T l C a  - I S P a o P ^  ’  12P«P^o "
__ . — * * ». 3
+ *s(-ias’0p31 + is ta.pal»3. )
-+ s ', * (6p at>p a lp 3i +  24paop 31. "  * 0 P ^ P s .  “ 36pae p 3„ P3o )
4  «s * l ( 6p al.p31 +  12p a. p « p 3 i -  3 0 9 ^ p , ^ 3 a
+  54p2„ p a l P3» -  3 6 p ’„ p3c )
+  z " S 3( 6p ^ p 31 +  lS p ^ o P a .P a i -  30P3o p 3±p 31
+ 54pao Pa l P3o * 36p?0 P 3o )
+ s  **(6pa#paa.p31 + 2 4 p ^ p „  - l 8 p ^ P 3 0 - 36plo Pao P36 )
4 zS ( - 12p ; op 31 +  l 8p aoPa l P3» )
-  * * & :.* : , -  i * p , X i  -  * p , X + * * « * » . * »
+  l 8p aop3l)P31 -  54p , 0 P3o )
+ z z (-6 p= 1 p3\ + 3 C^ao P3iP3 3. +• 8 paaPa<,Pai ” 2 pioPai 
-5 4 p 21p 3oP31 + 72pa* P 3eP3;l ”  54p20P30P3o )
+  * :" z l ( -  3 0 p 2<)P3i +  24p2 lp „ p 31 ~ 2Pi»P»oP==i
-  30p 2o p3\  + P i  -  l 8p =o p ^  p 3n. -  l 8p2o p3t)p 3:l 
+  108pa i p 3<J P3„ "  8p aop ,"  )
4  z  z 3{ -  6pa i p3\  +  3 0 p =oP 31P3i + 8p ^ p aoPa;l -  8Pa„P
— 54p3i p3o P31 + 72paoP 30P 3i "* 54pao P3o P3<> )
3
a a.
4  Z^(Pa„ P^i -  1 2 P « P 3dL U. Pa. + l8P^« Ps« P3  d.
4  l 8 Pa3 P36 P „  -  54pao v ; o )'31 *3 6 *31 
3. ----
_  3
+ 2 ^ ■ » « 1>a i p 3i 4  P = ± P n  -  4p3l -  12p=0 P, 0 P31
"  ^P a iP 3. ~ ^P .oPaa + l 8p 33P31P;
* ^ . P a.  -  54P3oP ^  )
3 1
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-t- 2"*(6p^p  ^ - 2pa(>pao Pi t P31 + 2p’tp3i - 8pio p^p3i
-*• 20pa. pL “ 36p3o p?\  + 6pa(, p lP JD
+ 6 iC p i JP3c, -  36pio PJU P,6 i- 54p3o P3o p31 )
+ «a (6p?1 P51 - 2p^pi(jp^p31 + 2p13 P3i - 8p,« p3\  p„
+ 20p*„ p3o p31 - 36?  ^ps^  + 6p„ p^p,,,
+ 6P«P2iP5o - 36pao pa* p3o + 54p30 p36 p3i )
+ * (2P^P^P  ^+ 2Pa« P^PJ3 - ■ 12*C paa P3±
* ^ P ^ P s ,, -  * p L p 3» + 18P30P2LP33 
+ l 8Pi o Pao Pa i P 3o -  5 * P ^ P 3o )
+ z"(p^p^-t- P^aoP3LP3iP3i + p’»pTi ” 12P^ o P*o p3,
- 12pa\p 30 P31 - 12p;a p3o p3j + X8pj(> P21PJe,P3x
+ I8paop=opjop31 + ^Pao PiiPso P3 0  * 2 7 P"oP3 ff )
+ z i ( -  l O p ^ p ^ p ^  -  X O p ^ p ^ p ^  +• 4 p ^  p 31p 31
+ 22pao pao psa. P3t - 6p,0 P*t P3o P31 - 6P,0 Pai P3o P31 
+ I8pa\  p3o p3i + l8p;o p3o p31 + X8p^ P3o p3j>
- 90pao pao p3o p3o )
+ M p ^  P3\ + 4paopaip3i p31 + pa\ P3X - Xgp^p^p^
" 18pZxP,.P,x - X2p^ o P3o p3i + X8pao
+ X8pJopalp3o p31 + X8pao palp30 p3s - S7p^p"6 )
-t-z(2p3tP31P33 + ^ 0  P31 - ^ ^ 3 . P«
- X2pa o pjo p31 + X8pa0 pJo ps±ps± + X8p^p3op3o p3±
+ l8pao p3o p3o p31 - 54pao p3o p,' )
+ z(2pao p31 p;t + ap21 p^ p,, -  4plo p31 -  i2pat p3o p; 3
- 12P36 P3o Pta + l8Pao P3o Ps±P31 -+- I8pi0 PJo PJ0 P31
+ X8p21p3<,p30p31 - 5*Pa(,l£p „  )
+ (P3; C  - *P3. p3\ - 4pjo p^ + X8p3op3op3i^ i
- 27P3; p/0 ) -  0
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N ote t h a t  th e  c o e f f i c i e n t  o f  z  i s  th e  d i s c r im in a n t  
o f  th e  c h a r a c t e r i s t i c  e q u a t io n  o f  A. I f  t h i s  d i s c r im in a n t  
i s  z e r o ,  th e n  e v i d e n t l y  z z  = x 2- + y* i s  a  f a c t o r  o f  th e  
s i x t h  d e g re e  te rm s  o f  th e  e q u a t io n  o f  0 (A ); th u s#  i t  i s  e s -  
t a h l i s h e d  t h a t  i f  A h a s  a  m u l t ip le  ro o t#  th e n  0(A ) p a s s e s  
th ro u g h  th e  c i r c u l a r  p o in t s  a t  i n f i n i t y .  M oreover, i f  A h a s  
a  t r i p l e  ro o t#  so  t h a t  pao -  p3o -  0 # th e n  th e  s i x t h  d e g re e  
te rm s  have  z*aT‘ a s  a  f a c to r #  and  t h e  c i r c u l a r  p o in t s  a t  i n ­
f i n i t y  a r e  d o u b le  p o in t s  o f  C (A ).
2 . P l u e k e r ^  fo rm u la s  and K le in * a  e q u a t io n . I f  A 
i s  a  t h i r d  o r d e r  m a tr ix #  th e n  th e  d e g re e  o f  0(A ) I s  
N = m(m -  1 )  =  6 ,  a  r e s u l t  h o m e  o u t  by  th e  e q u a t io n  a b o v e . 
I f  t h i s  e q u a t io n  i s  i r r e d u c ib l e #  i t s  P lu e k e r  num bers a r e  a s  
shown i n  row ( a )  o f  th e  t a b u l a t i o n  b e lo w . As in d ic a te d #  
K le in  vs  e q u a t io n  s a y s  t h a t  k  +  2d — 3# w hich  h a s  two s o lu -  
t l o n s  i n  n o n -n e g a t iv e  i n t e g e r s  s k  — 3 ,  d  =. 0 # and  k  = 1 # 
d =  1 .  The seco n d  s o lu t i o n  i s  exc lu d ed #  s in c e  <1 4  £ =1 0 .  
S e v e r a l  o f  th e  exam ples g iv e n  l a t e r #  i n  p a r t i c u l a r  Exam ple 
1 # i l l u s t r a t e  t h i s  ty p e  o f  c u rv e  and  show how th e  t h r e e  
r e a l  cu sp s  a r i s e  a s  th e  v e r t i c e s  o f  a  " t r i a n g u l a r ” r e g io n  
i n  th e  i n t e r i o r  o f  t h e  convex b o u n d a ry .
The r e d u c ib le  c a s e s  may be  c l a s s i f i e d  a c c o rd in g  a s  
t h e r e  a r e  1# 2# o r  3 b i t a n g e n t s .  O nly i n  th e  c a s e  o f  1 b i ­
ta n g e n t  i s  th e  cu rv e  g e n u in e ly  o f  c l a s s  3# and  th e  P lu e k e r  
num bers o f  t h i s  ty p e  a r e  shown below  I n  row ( b ) .  F o r  th e
*8
o t h e r  c a s e s ,  t h e  c u rv e  i s  o f  c l a s s  3  i n  a  d e g e n e ra te  s e n s e  
d e s c r ib e d  below  u n d e r  ( e )  and  ( d ) ;  th e  P lu e k e r  num bers h av e  
no  s i g n i f i c a n c e  i n  th e s e  c a se s#  so  t h a t  th e y  do n o t  show I n  
t h e  t a b u l a t i o n .
m n  6 k i 'r (k  h- 2d )
( a )  3 6  0  9  0  0  3
( b )  3 * 0 3 0 1 1
t h e  r e l a t i o n s h i p  betw een  th e  r e d u c ib le  o a s e s  and th e  
i r r e d u c i b l e  e a s e  ( a )  may b e  b ro u g h t o u t  by  c o n s id e r in g  them  
a s  r e s u l t i n g  from  c e r t a i n  d e fo rm a tio n s  o f  ty p e  ( a ) .
( b )  1 b i ta n g e n t*  L e t  one s id e  o f  th e  t r i a n g u l a r  o r  
th r e e - c u s p  b ra n c h  b e  deform ed i n t o  c o in c id e n c e  w i th  th e  c o n -  
v e x  b ra n c h  o f  th e  cu rv e#  th u s  fo rm in g  a  b i t a n g e n t  o f  0 ( a ) #  
r e p r e s e n te d  i n  th e  e q u a t io n  by th e  s q u a re  o f  a  l i n e a r  f a c t o r .  
The re m a in in g  f a c to r #  Cf ( a ) #  is #  th e r e fo r e #  a  q u a r t ic #  and  
b e lo n g s  t o  th e  P lu e k e r  ty p e  w hich  in c lu d e s  th e  e a r d l o ld .
The K le in  e q u a t io n  k  + 2d = 1 h a s  o n ly  one s o lu t io n  i n  non ­
n e g a t iv e  i n t e g e r s !  k  = 1# d  -  0 . F o r  i l l u s t r a t i o n s #  se e  
E xam ples 7 and  8 * The c a r d lo ld  I s  a c t u a l l y  o b ta in e d  i n  Ex­
am ple 8 .
( c )  2 b l  t a n g e n t  s .  I n  t h i s  case#  n  -  N -  2£6 - 4 = 2 ;  
h en ce  th e  re m a in in g  f a c t o r  I s  an  e l l i p s e .  L e t two s id e s  o f  
th e  t r i a n g u l a r  b ra n c h  be deform ed i n t o  c o in c id e n c e  w i th  p o r ­
t i o n s  o f  th e  convex  b ra n c h ; th e n  th e  c o n f ig u r a t io n  i s  a n  
e l l i p s e  w ith  two ta n g e n ts  from  an  e x t e r n a l  p o in t#  th e  p o in t
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o f  i n t e r s e c t i o n  o f  t h e  two b l ta n g e n ts #  A gain* l e t  th e  
t r i a n g u l a r  b ra n c h  s h r in k  down to  a  p o in t*  th e n  th e  c o n f ig u -  
r a t i o n  I s  an  e l l i p s e  p lu s  a  s i n g l e  I n t e r i o r  p o i n t ,  from  
w h ich  t h e r e  a r e  two im a g in a ry  ta n g e n ts  t o  th e  e l l i p s e #
I n  t e n s  o f  th e  f a m ily  o f  t h r e e  l i n e s  w hich  e n ­
v e lo p e  C( a ) ,  t h i s  e a s e  a r i s e s  when one o f  th e  l i n e s  p a s s e s  
th ro u g h  a  f ix e d  p o in t  f o r  e a c h  § j  th u s  a  l i n e  th ro u g h  
t h i s  f ix e d  p o in t  m ust b e  r e g a rd e d  a s  “ta n g e n t"  t o  0(A)#
The two re m a in in g  l i n e s  o f  th e  fa m ily  m ust th e n  e n v e lo p e  a  
c l a s s  2  cu rve*  and  s in c e  t h i s  c l a s s  2  c u rv e  m ust be  convex* 
i t  m ust b e  a n  e l l i p s e #  Now i f  one o f  th e  " ta n g e n ts ” th ro u g h  
th e  f ix e d  p o in t  i s  a l s o  ta n g e n t  t o  th e  e l l i p s e *  i t  i s  a  b i ­
ta n g e n t  o f  Q ( a ) ;  h en ce  th e  two b l t a n g e n t s  d e s c r ib e d  above* 
Thus th e  e l l i p s e  p lu s  f ix e d  p o in t  may p r o p e r ly  be  re g a rd e d  
a s  c o n s t i t u t i n g  a  c l a s s  3 cu rve#  The f ix e d  p o in t*  i n c i d e n t ­
a l l y ,  i s  one o f  th e  c h a r a c t e r i s t i c  r o o t s  o f  A* a  p r o p e r ty  
c l a r i f i e d  i n  p a ra g ra p h  4* be low* See Exam ples 9 and 10#
(d )  3 b i t a n g e n t s .  Here* n = H - 2 r = 0 .  h e i  a l l  
t h r e e  s id e s  o f  th e  t r i a n g u l a r  b ra n c h  be deform ed i n t o  c o ­
in c id e n c e  w ith  p o r t io n s  o f  th e  convex  b ranch*  s in c e  e a c h  b i -  
t a n g e n t  i s  r e p r e s e n te d  i n  th e  e q u a t io n  by  th e  s q u a re  o f  a  
l i n e a r  f a c to r *  th e s e  l i n e a r  f a c t o r s  add up to  a  d e g re e  o f  
6 * h en ce  c o n s t i t u t e  th e  e n t i r e  e q u a t io n  o f  0 ( A ) .  The th r e e  
p o i n t s  o f  i n t e r s e c t i o n  o f  th e  th r e e  b l t a n g e n t s  a r e  f ix e d  
p o in t s  o f  th e  same k in d  a s  th e  one d is c u s s e d  u n d e r  ( e ) *  and
50
th e s e  t h r e e  f i x e d  p o in t s  c o n s t i t u t e  a  c l a s s  3 c u rv e  I n  t h e  
s e n s e  a g re e d  on  th e re *  t h i s  case*  o f  c o u r s e ,  a r i s e s  from  
a  n o rm al m a tr ix *  See exam ple 11*
T h is  c o m p le te s  th e  c l a s s i f i c a t i o n  o f  th e  ty p e s  o f  
c u rv e s  o b ta in e d  from  t h i r d  o r d e r  m a tr ic e s *
3* R a m a g h a n 's  e q u a t io n . I n  M u m ag h an 's  fo rm , th e  
c h a r a c t e r i s t i c  e q u a t io n  o f  F  ^ may b e  w r i t t e n
Pi P1P3 -  i ( a « a „ P x  + a n ® i/sP i + a ^ P , )
R um aghan  w r i t e s  t h i s  more co m p ac tly  by  in t r o d u c in g  an  au x ­
i l i a r y  p o i n t ,  *=< ,  g iv e n  by
L e t k  = + a ^ a ^ - t -  a , 3a 13 * Then th e  e q u a t io n  above
may b e  w r i t t e n  p±p 2p3> = £kp^ ,  w here p^ d e n o te s  th e  d i s t a n c e  
from  th e  p o in t  t o  th e  ta n g e n t  l i n e  ~ ^ aj .  The f a c t o r  
£  i s  m is s in g  i n  Rum aghan* s  a r t i c l e ,  p resu m ab ly  a  ty p o g ra p h ­
i c a l  e r r o r .
4 .  Qn c l a s s  £  c u rv e s  w i th  t h r e e  r e a l  f o c i . The 
e q u a t io n  p±p^p3 = £kpot d e s c r ib e s  a  p r o p e r ty  o f  a l l  c l a s s  3 
c u rv e s  w i th  t h r e e  r e a l  fo c i*  3 The p o in t  h e r e  d e n o te d  by
2  H. H i l to n  and S . D* J e r v i s ,  "On the  R e a l F o o l and 
D i r e c t r i c e s  o f  a  C la s s  C uble and  o th e r  P la n e  A lg e b ra ic  C u rv e s ,"  
P ro c e e d in g s  o f  th e  London H a th e m a tlo a l S o c ie ty *  X3CV1I (1 9 2 8 ) , 
p .  430*
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l a  c a l l e d  th e  p o le  by  H ilto n *  A cco rd in g  t o  H ilto n #  th e  p o le  
h a s  th e  I n t e r e s t i n g  p r o p e r ty  t h a t  I t  I s  th e  p o in t  o f  c o n -  
c u r re n c y  o f  th e  r e a l  ta n g e n ts  from  th e  fo c i*  S in c e  th e  
c u rv e  I s  o f  c l a s s  3# th e r e  a r e  t h r e e  ta n g e n ts  to  th e  c u rv e  
from  a  fo cu s#  ^ i*  Two o f  them  a r e  th e  Im ag in a ry  ta n g e n ts  
th ro u g h  th e  c i r c u l a r  p o in t s  a t  I n f i n i t y #  a c c o rd in g  t o  th e  
d e f i n i t i o n  o f  a  fo cu s#  b u t  th e  t h i r d  i s  r e a l#  and  th e  th r e e  
r e a l  t a n g e n ts  th u s  d e te rm in e d  by  th e  t h r e e  r e a l  f o c i  a r e  
c o n c u r r e n t  a t  d  # s in c e  p^ = 0  Im p lie s  p^ = 0 # f o r  
1 - 1 #  2# 3*
I t  i s  now p o s s ib le  t o  c l a r i f y  th e  s i t u a t i o n  d ie *  
c u s se d  above u n d e r  (e )*  Xf th e  p o in t  °< c o in c id e s  w i th  one 
o f  th e  ^  # say  3^ # th e n  th e  p - e q u a t lo n  may b e  f a c t o r e d  
P3 (BlP* ~ 4*0 -  °»  90 t h a t  th e  r e s u l t i n g  c u rv e  I s  one o f  
th e  two ty p e s  u n d e r  (c )#  a c c o rd in g  a s  th e  p o in t  o(
I s  i n s i d e  o r  o u ts id e  th e  e l l i p s e  d e te rm in e d  by p^p^ -  £k = 0 *
Type (d )  I s  g iv e n  by k  -  0 ; I n  t h i s  case#  i s  I n ­
d e te rm in a te *
I t  I s  c l e a r  t h a t  a  m a tr ix  A d e te rm in e s  u n iq u e ly  a 
s e t  o f  f o u r  p o i n t s ,  * i ,  * 1 ,  °< ,  and  a  nuraber k ,  and  t h a t
th e s e  d e te rm in e  u n iq u e ly  th e  c u rv e  C(A)# a c c o rd in g  to  th e  
e q u a t io n  p^px p3 ~ ik p ^  = 0 .  But# on th e  o t h e r  hand# I t  may 
b e  o b se rv e d  t h a t  C(A) may a l s o  be 0(B )# f o r  some m a tr ix  B 
w hich  I s  n o t  a  u n i t a r y  t r a n s fo rm  o f  A* To I l l u s t r a t e #  l e t  
A and  B be  a s  fo llo w s}
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( 1 1 1  
0 ^ - 3  
0  0
I n  e a c h  c a s e ,  th e  a r e  th e  cube r o o t s  o f  1 , k  -  1 1 , <* =■ 1* 
T h a t a and  B a r e  n o t  u n i t a r y  t r a n s fo rm s  fo l lo w s  from  
Theorem  3*3*
A s ta te m e n t  a n a lo g o u s  t o  t h e  s ta te m e n t  made above 
f o r  m a t r i c e s  may b e  made f o r  c l a s s  3 c u rv e s  w i th  r e a l  fo c i*  
E ach  c l a s s  3 c u rv e  w i th  th r e e  r e a l  f o c i  d e te rm in e s  u n iq u e ly  
a  s e t  o f  f o u r  p o i n t s ,  and  <x,  and a  r e a l  nuaiber
k  su ch  t h a t  th e  e q u a t io n  o f  th e  c u rv e  may b e  e x p re s s e d  
P ^ P 2 -  £kp*  t  a c c o rd in g  to  th e  theo rem  o f  H i l to n  a l r e a d y  
r e f e r r e d  to *  T h u s, i t  becom es e v id e n t  t h a t  th e  e q u a t io n  i n  
z g iv e n  for C (a) Is p e r f e c t l y  g e n e r a l ,  in c lu d in g  a l l  c l a s s  
3 c u rv e s  w i th  t h r e e  r e a l  f o c i ,  f o r  th e  p^ c l way b e  e x p re s s e d  
i n  te rm s  o f  k  and *  and  th e  A i a s  fo l lo w s :
P a .o  -
— ( "AiAi ^  + A3 Aj -f k )
p30 -  * A* A3
ps ± = k<x -
T h a t th e  r e s u l t i n g  cu rv e  need  n o t  be a s s o c ia te d  w ith  a  m a tr ix  
A a s  C(a ) h a s  a l r e a d y  b een  p o in te d  o u t ,  b u t  may now be  e s ­
t a b l i s h e d  i n  a  new way* F o r  a  g iv e n  c l a s s  3 c u rv e ,  k  and  c>< 
a r e  known; c o n s id e r  th e  e q u a t io n s  d e f in in g  them  i n  te rm s  o f
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t h e  a s  a  sy s tem  l a  th e  unknowns a** f  * and a J3 .
T hs sy s tem  I s  n o t  a lw ay s s o lv a b le ;  f o r  exam ple* I t  i s  n o t  
s o lv a b le  f o r  ^  - 1 ,  ^ = 0* ^ 3= **1* °< = -2* k  -  1* F o r  
th e  c l a s s  3 c u rv e  w i th  th e s e  v a lu e s*  se e  Example 1 2 .
5* N u m erica l ex am p le s . Exam ple 7*1*
k - 4 *  < * = ( 2  + l ) / 4 .  The C a r te s ia n  e q u a t io n  1 s t
1940X4, -f 6 0 9 6 * ^  + 7320x*y^ -  1 3 l8 4 x 3y 3 +  3.57908x*ya 
+  1 0 l4 2 4 x y s  + 78800JT6 -  X1328x -  29088xV  +■ 77568x7y* 
+ 20064*" y 1 +  56 l600xy*  + l8 5 8 5 6 y ^  +  7008x‘f -  23256x3y 
+  9 l6 8 x i y 2 -  30456xy3 +  192336y*+ 64432x3 +  1 3 3 6 9 2 x >
-  770496xy* -  265876y3 -  1076g6x^ 95552xy -  560060y ^
-  29804x -h 69608y + 79607  = 0 .
Exam ple 7 .2 .
/  2 1
0 -1
\ ° 0
k  = 3* = - 1 / 3 .  The C a r t e s ia n  e q u a t io n  o f  C(A) l a ;
47523^+- y ‘f ( 6 l 56x " +  9 l8 0 x  +  5 6 7 ) +  y "(1 5 1 2 x *  + 2376x3
-  3 H 4 x "  -  7236x -  3042) +- (1 0 8 x <i+  108x i_ -  3 6 9 x *
-  644x3 -  378x"“ -  96x -  9 )  = 0 .
5*
Exam ple 7 . 3 .
11 3/2
A - 0 _ s
y 0  0
k  -  27/ 2 ,  * - 0 ,  th e  c e n t r o id  o f  th e  fo o l#  w hich  a r e  th e  
cube r o o t s  o f  u n ity *  c a r t e s i a n  e q u a t io n  o f  0(A)*
1064&c'"+ 31368x'V  + 32328x"y^  + 10584y~ - 5808x"
+  I l 6 l 6x 3y" +■ 17424x y ^  -  42867x *  -  85734x > *  -  42867y
+ 21232x  -  63696x y" -  2 904x" -
Example 7*4*
16 *  0,
1
' 1 1 1
A =
0 Co 1
, 0 0 to"2" /
k  = 3 ,  o(= -1 /3 *  The C a r t e s ia n  e q u a t io n  o f  C (a )s  
864x^ 4- 2 l6 0 x 4y ^  + 3456x> 4 +  4 3 2 y 6 -  8 6 4 * ^
-t 3^56x?y ^  4- 4320xy* -  1008x^ -  234Q xV ^4- 432y * 






k  = 27/4#  * -  -J#  The C a r te s ia n  e q u a t io n  o f  C(A)*
248832y4 t y " ( 1633536** + 2141568* +114198)
•+- y*(1684992** + 2206464x3 - 2691936x" -  5269430* 
-  1756248) (562432*V  64896X5-  1368432*^
* 773312x3 - 77064*"- 2808* - 35) = 0.
Exam ple 7*6*
\ 0  0 Lo^l
k  = 27# °< ~  -1* The C a r t e s ia n  e q u a t io n  o f  G(A)*
5 4 y 6 + y ^ (4 l4 x ^  + 900x -+ 2 2 5 )+  y ^ (6 0 6 x s +  1500x^
-  1710x" ~ 6906x -  4425) + (250*^ + 600xs ~ 1395x* 
•  6l22xs -  7800x^ * 4320x -  896) = 0,
Exam ple 7*7 .
13 3 3  \
A = I 0 -2  -31
\ 0  0 - I  I
k  ~  2 7 , ~ 1 . The C a r te s ia n  e q u a t io n  o f  0 ( a )*
(2 y  -  3 )  L -  80919*V  x3 (34992y -  52488)
+  x z( -225342y "  -  6123%  +  1097874) +  x (34992y*
-  215784ya -  559872y +  1207224) -  (y  +  3 )(1 5 0 8 2 3 y 3






k  — 8 ,  <?( = -2 /3 *  N ote t h a t  *  l a  a t  th e  cusp* The c u rv e  l a  
a  e a rd lo ld *  The C a r t e s ia n  e q u a t io n  o f  C (a )s  
(x  +■ 1)^ Q 27(x^-v y 2")^ -  7 2 (x ^ - f  y * ) ■* 64x -  16 j  =  0* 
Exam ple 7*9.
k  -  1 ,  ^ -  1 ^  Ajl. g ( a )  c o n s i s t s  o f  a n  e l l i p s e  w ith  
f o c i  a t  to and p lu s  ta n g e n ts  from  th e  e x t e r n a l  p o in t  
& ~ Tv*. i*  The C a r te s ia n  e q u a tio n  o f  C(A)s 
(x  V 2  y  -  1 )^  (x  -  Va y  -  l )  (4x^-f- y  *+- 4x) ~ 0 .






\ o 0 0
k  -  4 r%  <*- -  0 .  C(a ) c o n s i s t s  o f  a  c i r c l e
o f  r a d iu s  r ,  p lu s  i t s  c e n te r*  The c a r t e s i a n  e q u a t io n  o f  
6 ( a ) t







k  — 0 ,  <* I s  in d e te r m in a te * The C a r te s ia n  e q u a t io n  o f  C(A)«
( 2x  +  i f  (x  +  V3  y  * l M x  -  Vs y  -  i r  = o*
Exam ple 7*12 . The c l a s s  3 c u rv e  f o r  w h ich  1 ,
0 ,  ^ - l ,  a( -  - 2 ,  and  k ^ l ,  and I s  n o t  a s s o c ia te d
w i th  any  m a trix *  The C a r t e s ia n  e q u a t io n  is*
6 8 y V  -  840x^~- 269 ) +  y  (-37% **  -  4 8 x 3 +  6 2 2 x ^
+  4 4 8 x + 8 8 )  -f ( 4 x 6 4- 2 4 x s +  4 3 x *  -  7 2 x ^  -  64x -  16) =  0 .
The p ag e s  t h a t  fo l lo w  show g ra p h s  o f  th e  c u rv e s  I n  
th e s e  12 ex am p le s , num bered c o rre sp o n d in g ly *
Y£ ~ t g u r e  y . /
F,g  urc, 7.Z
Y
a r c  74
u  r e
f i g u r e
7 ~ ^ g  V re  7 7
/ c^r u  r e 7  8
ure 7, 9
Yf i g u r e .  7 / 0
/~/gure 7 / /
7./2
VIII
The F o u r th  O rd e r  M a tr ix
e q u a t io n  o f  C (a ) » l e t  A he th e  m a tr ix
A -
a a i3 a
0 a* ^2 ? a
0 0 a 3 a
0 0 0 A
* ^
3*
L e t t h e  H e rm itia n  d e c o m p o s itio n  o f  tA he + iG  & • Then
i^_t -f* ^ ^ t a i2 t a ^ t
2 2 2
a A it A 2_t 4r ^ 2- 1 a 231
2 2 2
a * 5t i a3t A5t 4r
2 £ 2









The c h a r a c t e r i s t i c  e q u a t io n  o f  i s  t
a . ^
£ +  * + P** + (Pjo'fc + P 3 i* +■ PJiLt  + P 33t  )£
f+  l t ( p ^ 0t  + p lf lt  +■ P ^  + P^3 t  4- p ^ t  ) -  0
w here th e  p£i  a r e  f u n c t io n s  o f  th e  e le m e n ts  o f  A, d e f in e d  
b e lo w .
L e t b i j  =  — a ^ j  a a j |  1 #  J  -  l i  3 #
TO
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®* = *" fi2? ^ 4^ ® ,a N* aia aa, a ^
02 = •  a 13a lt, a 3^ 0* - M» ®43 ®13
d^-a 3^*< ~*~ ® i3®13 a iq H- a^ tv a 14*2 3
** f i j .3 &5lf * 8*2^13 a3^
** a j.if a .a3 ®2«|. *■* a4 ? a., ^ai i a **
*3=
(  ^ jl ^ " 1  ^  a- ^  x  "+• )
Cf^  ^ 1/^3 "*" *^f ^  ^ ,2^3 *^ tf ^"^3 )
< J ^  —  {  ^ i - A z .  < ^ 3  )
= -(A iSa. •+ Xa. *+ *3 "+ "7** * H )
^  =  (^ L ^ J L  ^3 ^  *f ”*~ A l ^ x ^ 3 ^ « f  ~*r ^ 4 . ^ ^ J 7itf )
cr = ( ^ M y^
1 +Ai~5i 33 ;\* +‘SA 7i1 '3J. 7<h +  A i* z 7' j 7,‘^
^ = ( 2 : ^ 5 ) :
K =  ” t b3* C*3-* ** ) +  *3  ) +  *>*3 (*1- + * *  )
+ *5 ) +b33(?li -+ 7»„) + b 1  ^ (*;,+ *„ )J
^3 - ~*~ \ < i . \ ^ J  + ^a.3
+ **+K*j +  ^ 3^ * *  +  * 4 ^ 3 ^
£<+“ ^3f + ^1 ^2) "*" +■ ^J.^3  )
* + * > 3 3  ( ^ ± ^ 7  ■+ ^ ± A 3 }  “+  f e l l * -  ( * 2 - ^ 3  "*= ^ 3  )
-V 4  ^ z ^ v )  4  - ^ - ^ 3 ^ ^ )
= c^ + ~e c3 + c*
l£ - -  ( c ^ i  + 4 C  ^A* )
7S
Y^j ~ -  (©* a* -f ■+ c A ^  + o a
-V Oy ^  “t C? /I 3 -f a V 4- Cf  /\gr )
»*o = ^
P*:L- ^1 + 0±
P* ^  -  Pf. c
Mow fo l lo w  th e  u s u a l  p ro ced u re}  r e p la c e  ^  by  i (  z t  4  z t ) ,
— 4 — ~2-~
r a u l t lp ly  by  ( 2 t )  ,  s u b s t i t u t e  s  = t  # and c o l l e c t  t e n s
i n  s # to  o b ta in
U 0 B<I 4  U ±S3 4- U^S^ 4- U± B 4  U D =  0  
w here  u e = z4 + pic  +  P30z + P „ 0
+ Pal*" + 2pio** + P31* + P3b • + PVi
Ua = P , , * 1 *  + -+ Pj i Z + P31® +■ P * i
The d e s i r e d  e q u a t io n  o f  C(a ) I s th e n  o b ta in e d  by e q u a t in g  
t o  z e ro  th e  d is c r im in a n t  o f  t h i s  p o ly n o m ia l I n  s . ^  The
1 B u rn s id e  and P an to n , op« c i t , ,  p p . 1 2 1 , 144
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r e s u l t i n g  e q u a t io n  I n  te rm s  o f  th e  u  I s
—  _  r  3 . _  __
* (u »u 0 * 3U*)!* + u j  -  ( 72u 0u cu 1 4 9uj»:i*U 
-  27u6u ^  -  2 7 u .u l  -  S a \ f  = 0  
The u i  n ay  h e  r e p la c e d  by  t h e i r  v a lu e s  i n  te rm s  o f  %» 
an d  * b y  x  +  i y  to  o b ta in  th e  C a r t e s ia n  e q u a t io n ,  t h i s  
c a l c u l a t i o n  h a s  n o t  b een  p erfo rm ed  beyond a  p o in t  s u f f i c i e n t  
t o  v e r i f y  t h a t  I t  I s  o f  th e  1 2 th  d eg ree*  a  f a c t  a l r e a d y  
known from  th e  P lu c k e r  fo rm u la . The c o e f f i c i e n t  o f  
« ” ■ I s  th e  d i s c r im in a n t  o f  th e  c h a r a c t e r i s t i c  e q u a t io n  o f  
A* so  th a t*  a s  i n  th e  t h i r d  o r d e r  ca se*  i f  A h a s  a  
m u l t i p l e  ro o t*  C (a )  p a s s e s  th ro u g h  th e  c i r c u l a r  p o in t s  a t  
I n f i n i t y .
P lu c k e r f s  fo rm u la s  and K le i n r a e q u a t io n . The 
fo l lo w in g  t a b l e  l i s t s  t h e  ty p e s  o f  c u rv e s  o f  c l a s s  4 
o b ta in e d *  a c c o rd in g  to  t h e i r  P lu c k e r  numbers*
n m s K 'r t k  +
( a ) 12 4 28 24 0 0 8
|t>J 10 4 16 18 1 0 6
o ) 8 4 8 12 2 0 4
A ) 6 4 4 6 3 0 2
As I n  th e  t h i r d  o r d e r  case*  th e  t a b l e  d o es n o t  e x h a u s t  th e  
p o s s i b i l i t i e s *  s in c e  i t  d o es  n o t  in c lu d e  th e  d e g e n e ra te  c l a s s  
f o u r  c u rv e s  f o r  w h ich  th e  P lu c k e r  num bers have  no s i g n i f i ­
c a n c e . T hese w i l l  be  d e s c r ib e d  s e p a r a t e ly .
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( a )  K le in * a  e q u a t io n ,  k  + 2d -  8 f Has th e  s o lu t io n s  
I n  n o n -n e g a t iv e  I n t e g e r s  ( k ,d )  =  ( 8 , 0 ) ,  ( 6 , 1 ) ,  ( 4 , 2 ) ,  ( 2 , 3 ) ,  
( 0 , 4 ) ,  Exam ple 1 I l l u s t r a t e s  th e  ( 8 ,0 )  ease*  Exam ple 2 
i l l u s t r a t e s  th e  ( 4 ,2 )  c a s e ;  In  o r d e r  t o  s e e  t h i s  I t  i s  
n e c e s s a r y  t o  n o te  t h a t  th e  p o i n t s  ( i  J , 0 )  a r e  t r i p l e  p o in t s  
and  m ust t h e r e f o r e  He co u n ted  a s  2 e u sp s  and  1 n o d e ,2 and 
t h a t  th e  p o in t s  ( ±  a / 2 /4 ,  0 )  a r e  r e a l  a c n o d e s .
(H) H e re , k  -t 2d = 6 ,  w i th  s o lu t io n s  ( 6 , 0 ) ,  ( 4 , 1 ) ,
( 2 , 2 ) ,  ( 0 ,3 )*  I n  c o n n e c tio n  w ith  t h i s  and  th e  o th e r  e a s e s  
w i th  b i t a n g e n t s ,  i t  i s  n e c e s s a ry  t o  d i s t i n g u i s h  betw een  
two ty p e s  o f  h l t a n g e n t s ,  a c c o rd in g  a s  th e  c o r re s p o n d in g  
d o u b le  r o o t  o f  i s  o f  th e  ty p e  $&±- ^  +
o r  o f  th e  ty p e  ^  C a l l  th e  b i t a n g e n t
i n  t h e  f i r s t  c a s e  an  e x t e r n a l  b i t a n g e n t ,  and  I n  th e  o t h e r ,
a n  i n t e r n a l  b i ta n g e n t*  I t  I s  n o t  e a sy  to  d e te rm in e  w hich
o f  th e  p o s s i b i l i t i e s  w i th  r e f e r e n c e  to  th e  e x t e r n a l  o r  i n ­
t e r n a l  c h a r a c t e r  o f  th e  b i t a n g e n t s  can  a c t u a l l y  occur*  In  
th e  c a s e  o f  a  s i n g l e  h l t a n g e n t ,  Example 3 i l l u s t r a t e s  th e  
s o l u t i o n  ( k ,d )  — ( 6 ,0 )  w i th  an  i n t e r n a l  b i t a n g e n t ;  a p p a re n t­
l y  t h e r e  i s  no c u rv e  w i th  a  s in g l e  e x t e r n a l  b i  t a n g e n t .
( e )  W ith  two b i  ta n g e n ts  t h e r e  a r e  t h r e e  p o s s i b i l ­
i t i e s  i t h a t  b o th  a r e  e x t e r n a l ;  t h a t  one i s  e x t e r n a l  and 
one I s  I n t e r n a l ;  t h a t  b o th  a r e  I n te r n a l*  A p p a re n tly  o n ly
2 Hilton, op. clt** p. 116*
75
th e  f i r s t  p o s s i b i l i t y  a c t u a l l y  e x i s t s .  The K le in  e q u a t io n ,  
k  +  2d -  4 ,  h a s  th e  s o lu t io n s  ( 4 , 0 ) ,  ( 2 , 1 ) ,  ( 0 , 2 ) .  Exam ple 
4 I l l u s t r a t e s  th e  c a s e  ( 0 ,2 )  w i th  b o th  b i t a n g e n t s  e x t e r n a l .  
The two ac n o d es  a r e  ( 0 ,  ± ( \f$  -  l ) / 4  ) .
( d )  H ere k  2d -  2 , w hich  h a s  s o lu t io n s  ( 2 ,0 )  and  
( 0 , 1 ) .  Exam ple 5 I l l u s t r a t e s  th e  (2 * 0 ) e a s e ,  and  h a s  two 
e x t e r n a l  b l t a n g e n t s  and one I n t e r n a l  b l t a n g e n t .  Example
6 I l l u s t r a t e s  th e  same ( 2 ,0 )  e a s e ,  b u t  w i th  t h r e e  e x t e r n a l  
b i t a n g e n t s  ( c o i n c i d e n t ) .
T h is  e x h a u s ts  th e  n o n -d e g e n e ra te  ty p e s .
( e )  L e t  one l i n e  o f  th e  f a m ily  o f  f o u r  l i n e s  p a s s  
th ro u g h  a  f ix e d  p o in t  f o r  a l l  & . Then e v id e n t ly  th e  r e ­
m a in in g  th r e e  l i n e s  e n v e lo p e  a  c l a s s  3 c u rv e ,  and  C(A) con­
s i s t s  o f  t h i s  c l a s s  th r e e  c u rv e  p lu s  th e  ta n g e n ts  t o  I t  
from  th e  f ix e d  p o i n t .  As th e s e  ta n g e n ts  a r e  a l s o  ta n g e n t
to  C(A) a t  th e  f ix e d  p o i n t ,  th e y  a r e  b l t a n g e n t s  t o  C(A),  and 
a r e  th r e e  I n  num ber, s in c e  th e y  a r e  th e  ta n g e n ts  from  a 
p o i n t  t o  a  c l a s s  3 c u rv e . F i n a l l y ,  th e  ta n g e n ts  a r e  r e a l  
o r  Im a g in a ry  a c c o rd in g  a s  th e  f ix e d  p o in t  I s  (1 )  o u ts id e  o r  
on th e  convex  b o u n d ary  o f  th e  c l a s s  3 c u rv e ; ( 2 )  in s i d e  th e  
convex  b o u n d a ry . And s in c e  th e r e  a r e  e s s e n t i a l l y  two ty p e s  
o f  n o n -d e g e n e ra te  c l a s s  3 c u r v e s ,  th e r e  a r e  f o u r  d i f f e r e n t  
s i t u a t i o n s  t h a t  a r i s e .  Exam ple 7 shows one o f  t h e s e .  N ote 
t h a t  I t  I s  s t i f f l c i e n t  b u t  n o t  n e c e s s a r y ,  I n  o r d e r  t h a t  C( a )  





w here T l a  a  n o n -n o rm a l t h i r d  o r d e r  m a t r ix ,  C(T) l a  a  n o n ­
d e g e n e ra te  c l a s s  3 c u rv e , and  a  i s  th e  f ix e d  p o i n t .
( f )  L e t  Cf ( a )  be  f a c t o r a b l e  i n t o  two d i s t i n c t  
cu rv e s*  T hen , s in c e  th e  t o t a l  c l a s s  i s  and  th e  c l a s s  
o f  e a c h  f a c t o r  m ust b e  a t  l e a s t  2 , i t  i s  c l e a r  t h a t  e a ch  
f a c t o r  i s  o f  c l a s s  2 , and  th e r e f o r e  an  e l l i p s e *  Mow two 
e l l i p s e s  h av e  f o u r  common ta n g e n t s ,  w h ich  a r e  b l t a n g e n t s  
to  C(A)* T hese  b l t a n g e n t s  a r e  a l l  r e a l ,  o r  o n ly  two r e a l ,  
o r  none r e a l ,  a c c o rd in g  a s  th e  two e l l i p s e s  a r e  n o n -o v e r -  
l a p p in g ,  o v e r la p p in g ,  o r  su c h  t h a t  one i s  i n t e r i o r  to  th e  
o t h e r .  Exam ple 8  i l l u s t r a t e s  th e  f i r s t  o f  th e s e *
I n  o r d e r  t o  o b ta in  a  c u rv e  C(a ) o f  t h i s  ty p e ,  I t  
l a  s u f f i c i e n t  b u t  n o t  n e c e s s a r y  t h a t  A b e  o f  th e  form s
w here and  Tz a r e  n o n -n o rm a l second  o r d e r  m a tr ic e s *
(g )  L e t  two o f  th e  f o u r  l i n e s  o f  th e  f a m ily  w hich  
e n v e lo p e s  C(A) p a s s  th ro u g h  f ix e d  p o in t s  a ± and  f o r  a l l  
9 . Then th e  re m a in in g  two l i n e s  en v e lo p e  a  c l a s s  2 c u rv e  j 
t h a t  i s ,  an  e l l i p s e *  Then C (a )  c o n s i s t s  o f  t h i s  e l l i p s e ,  
p lu s  th e  ta n g e n ts  to  i t  from  a x ,  p lu s  th e  t a n g e n ts  t o  i t
a
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fro m  &x,  p lu s  th e  l i n e  J o in in g  a 1 and. a 2 .  T hese  f i v e  l i n e s  
a r e  b l t a n g e n t s  t o  G(A)* The d i f f e r e n t  e a s e s  a r i s e  from  th e  
v a r y in g  p o s i t i o n s  w h ich  and  a 2 may assum e w i th  r e s p e c t  
to  t h e  e l l i p s e *  Exam ple 9 I l l u s t r a t e s  th e  c a s e  i n  w h ich  
b o th  p o in t s  a r e  o u t s id e  th e  e l l i p s e *
As b e f o r e ,  i t  i s  s u f f i c i e n t  b u t  n o t  n e c e s s a ry  t h a t  
A b e  o f  th e  fo rm
w here T i s  a  n o n -n o rm a l seco n d  o r d e r  m a t r ix ,  and  a 2 and a  * 
a r e  th e  f i x e d  p o in ts *
(h )  F o r  th e  d i s c u s s io n  o f  th e  no rm al e a s e ,  se e  
s e c t i o n  17*
3 . K u rn a g h an 'a  e q u a t io n .  The M um aghan p - e q u a t io n  
i s  g iv e n  i n  te rm s  o f  n o t a t i o n  l i s t e d  above i
P tP .P jP .  + £0>3»P*P3 + + bi 3 PaP.
+toi l f p2Pj + »±, p j p ,  +• \ , p , p ; 5 ^ t t p j ^ t  + 0 ^ )
+ Pi ( c . t  + C , t )  + P3 ( c 3t  + e 3t )  + p „ ( e , , i  + « , t ) ]
+ + d at % - d * t ]  = 0
I f  th e  te rm  p± p 7 p 3 p^ i s  d e l e t e d ,  and th e  re m a in in g  te rm s  
e q u a te d  to  z e r o ,  t h e  r e s u l t  i s  a  c l a s s  two c u rv e  w hich  i s  
th e  f o u r t h  o r d e r  an a lo g u e  o f  th e  p o in t  <* i n  th e  t h i r d  o r d e r  
case*  The a n a lo g y  l i e s  i n  th e  f a c t  t h a t  a  ta n g e n t  to  C(A) 
th ro u g h  a  f o c u s ,  ,  i s  a l s o  ta n g e n t  to  t h i s  c l a s s  2 cu rve*
?S
The arg u m en t I s  th e  same: f o r  a  ta n g e n t  th ro u g h  a  f o c u s ,
P j  -  O, so  t h a t  th e  te rm  pd_p2p 3p/f -  0 ,  an  e q u a t io n  w h ich
im p l ie s  th e  v a n is h in g  o f  t h e  re m a in in g  term s*  The s i t u a ­
t i o n  i l l u s t r a t e s  a n  o b s e r v a t io n  o f  H i l t o n ’s  t h a t  th e  
ta n g e n ts  t o  a  c l a s s  m c u rv e  from  i t s  f o c i  a r e  a l s o  ta n g e n t  
t o  a  c e r t a i n  c l a s s  (m -  2 )  c u rv e * 3
I t  h a s  b ee n  shown t h a t  a  c l a s s  2 c u rv e  can  b e  ex ­
p r e s s e d  -  k  = 0 ,  w here ol and ^ a r e  th e  f o c i  and  k
i s  a  r e a l  number* I t  w i l l  now be  e s t a b l i s h e d  t h a t  th e  
e q u a t io n  above c a n  b e  w r i t t e n  i n  th e  fo rm
P, P, P, -  i * A P a Pg ~ = 0
f o r  p o in t s  * and  § ,  and  r e a l  num bers k ± and  k 2 p r o p e r ly
chosen*  S in c e  p L = 4  -  i ( 3 i t  + S i t ) ,  and  4  - & (z$ + a t ) ,
we may w r i t e
P i = i  L tz * + ( i  -  * i ) t ]
How le a v in g  th e  te rm  p L p^ ps u n d is tu r b e d ,  s u b s t i t u t e  
t h e s e  v a lu e s  i n t o  th e  g e n e r a l  e q u a t io n  a b o v e , and c o l l e c t  
te rm s  i n  t :
-t- ^  { [ f t . * *  •+ (
+ + ^  + a ) ]  t  -+ 2 & s s  + (pL -+■ ?, ) a
+ + t  ) i  + ( i3* 4 +  <3 )
+  [jsiLI l + (p* + ?± ) z  + ( £ ,  + + d 3 ) ] t  j =■ 0 .
S im ila r ly *  s u b s t i t u t e  pa i[(z •<* ) t  -+■ ( z  ) t ]
3 H i l to n  and J e r v i s ,  oj». c l t . ,  p .  43 0 .
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and  P0 i[(* - p  ) t  +  ( z  -  (? ) t ]  I n  th e  p ro p o sed  s im p le r  
fo rm  and  c o l l e c t  te rm s  i n  t s
+ f t (-hi)! [ z ^  -(< + (? )z + o(p] V 
+ 2zz -(-*+(i}z-(<*4e)z + *(T + v (3
+ \ (<* 4 p ) z 4 ^ ?] - 4k ^  = 0.
On com paring  c o e f f i c i e n t s ,  i t  may b e  s e e n  t h a t  t h i s  eq u a ­
t i o n  i s  i d e n t i c a l  w ith  th e  p re c e d in g  one i f
k ± — ~ ±
M * + ? ) ■= ( + ^  )
- k i  -  p3 +
i
- k j ^ i i  + +  4k jfc3 ^  d^
R e fe re n c e  t o  th e  d e f I n l t l o n s  r e v e a l s  t h a t  pL ,  ^  ,  and
* d^  a r e  r e a l ,  and  t h a t  k A a  0 .  The num ber b e in g  known 
from  th e  f i r s t  e q u a t io n ,  th e  second  and t h i r d  may a lw ays be 
s o lv e d  f o r  * and  p ,  and  th e n  th e  f o u r t h  e q u a t io n  g iv e s  k ^ .
3* n u m e r ic a l  ex am p le s« Exam ple 8 * 1 .
The C a r t e s ia n  e q u a t io n  o f  C (a ) I s  41° -  J  -  0 ,  w here 
I  ^  121x4 -  4 8 x V  + 346x2y ^  -  48xy^V  I 2 1 y ¥
-  I 4 x %  l4 x ^ y  -  l4xy" 4- I 4 y 3 + 38xy 
-+- 34x -  34y 4^58
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J = 2446x6 -  gooxV + 15906xVJ -  l800x y7 
1 15906x'y ^  -  900xy ' f 2446y&- 580x r 
+652x"y + 1382x7y" - l382xi y's -  652xy* 
+ 580y r  -  5745*" + 1752x"y -  25872*V  
+-1752xy7 -  57*5y “ + 1423*7 - 3171x>
+- 3 1 7 1 xy ^  -  l4 2 3 y 3 + l8 6 x y  + 2904x *
+ 2904y^ -  444x + 444y -  173
















Exam ple 8 .4 .
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Example 8 ,5 .
Exam ple 8*6*
Exam ple 8 .7 .
Exam ple 8*6 .
N ote t h a t  t h i s  m a tr ix  I s  v e ry  n e a r ly  l i k e  th e  m a tr ix  o f  
Exam ple 1 ,  and  t h a t  th e  c u rv e s  a r e  " n e a r " .
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Exam ple 8*9*
I I  1 0
0 - 1 0  
0 0 1
0 0 0
The p a g e s  t h a t  f o l lo w  show g ra p h s  o f  th e  c u rv e s  
o f  t h e s e  exam ples* num bered to  co rresp o n d *
/ g u r e .  8 *  i
/ g u r c  8 . 2
/ g u r ' c  8 , 3
8 .4 -
3 . S '





S im i la r  M a tr ic e s
1 . The c l a s s i c a l  c a n o n ic a l  fo rm  u n d e r  th&  s i m i l a r ­
i t y  g ro u p * Two m a t r ic e s  A and B a r e  s a id  to  be s i m i l a r  i f  
t h e r e  e x i s t s  a  n o n - s in g u la r  m a tr ix  P su c h  t h a t  B -  PA P '1*
The r e l a t i o n s h i p  i s  d e n o te d  by A -^B *  and  th e  t r a n s f o r m a t io n  
PAP'1 i s  o a l l e d  th e  c o l l i n e a t o r y  o r  s i m i l a r i t y  tram so rm a tto n *  
The s tu d y  o f  th e  i n v a r i a n t s  u n d e r  t h i s  t r a n s f o r m a t io n  i s  o f  
m a jo r  im p o rta n c e  i n  th e  th e o ry  o f  m a tr ic e s *  I n  p a r t i c u l a r ,  
t h e  fo l lo w in g  may be n o te d :  A m a tr ix  A I s  s i m i l a r  to  a  
m a tr ix  B i f  and o n ly  i f  ^ I  -  A and A I  -  B have th e  same 
i n v a r i a n t  f a c t o r s * 3* Among o th e r  th in g s #  s i m i l a r i t y  im p l ie s  
t h a t  th e  c h a r a c t e r i s t i c  r o o t s  o f  A and B a r e  id e n t i c a l*
A s e t  o f  m a tr ic e s  i s  s a id  to  b e  a  c a n o n ic a l  s e t  
u n d e r  th e  s i m i l a r i t y  g ro u p  i f :  (1 )  e v e ry  m a tr ix  i s  s i m i l a r  
t o  a  member o f  th e  s e t ;  (2 )  two d i s t i n c t  members o f  th e  
s e t  a r e  n o t  s im i la r * 2 The e x i s te n c e  o f  such  c a n o n ic a l  s e t s  
i s  w e l l  e s t a b l i s h e d ;  th e  one u se d  h e re  i s  th e  b e s t  one 
a d a p te d  to  t h i s  stu d y *  s in c e  i t  i s  t r i a n g u la r *  I t  i s  c a l l e d  
I n  th e  l i t e r a t u r e  th e  c l a s s i c a l  c a n o n ic a l  s e t*  and c o n s i s t s  
o f  m a tr ic e s  o f  th e  form
1 A. A. A lb e r t ,  Modern Hlgftejr A lg eb ra  (C hicago* The 
O b lv e r s l ty  o f  C hicago  P r e s s ,  1937)* P . 7 7 .
 ^ p»
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w here th e  a r e  Jo rd a n  m a t r i c e s ,  to  be  d e s c r ib e d .  L e t 
th e  m a tr ix  b e  o f  o r d e r  m, and have  k  d i s t i n c t  c h a r a c t e r ­
i s t i c  r o o t s ,  . . .  . L e t th e  m u l t i p l i c i t y  o f  be
mi# so  t h a t  2 3  mi = ®* Then J* i s  a  m a tr ix  o f  o r d e r  S :  t
iri 3 -
2* e f f e c t  o f  a  s i m i l a r i t y  t r a n s f o r m a t io n  on th e  
f i e l d  o f  v a l u e s . The p rob lem  o f  t h i s  s e c t io n  i s  to  d e t e r ­
m ine w hat r e l a t i o n s h i p ,  i f  a n y , th e r e  i s  be tw een  th e  f i e l d s  
o f  v a lu e  o f  two s i m i l a r  m a tr ic e s *  The p ro c e d u re  i s  a s  
f o l lo w s  * l e t  G be a m a tr ix  o f  th e  c a n o n ic a l  s e t ,  and  l e t  ?
3 h . W. T u rn b u l l  and A. C. A itk e n , An I n t r o d u c t io n  
to  th e  T heory  o f  C a n o n ic a l M a tr ic e s  (London: B la c k ie  & Son 
L im ite d , 1 9 3 2 ) , p p T T S I-o l7
9 4
r a n g e  o v e r  a l l  n o n -* s in g u la r  m a t r i c e s j  th e n  w hat s o r t  o f  
f i e l d s  do th e  m a tr ic e s  P C if*  h ave?  Suppose P = ( £ -  ) ,
1p| = p i  th e n  P_ i~ (Q x- ) ,  w here = p-1 Pij ,  Pi3 b e in g  th e  
c o f a o t o r  o f  p^- . a  u n i t a r y  m a tr ix  IT I s  so u g h t su ch  t h a t
- i  _
OTCiP 0* i s  t r i a n g u l a r ,  i n  v iew  o f  th e  g r e a t e r  e a s e  o f  d e ­
te rm in in g  th e  n a tu r e  o f  th e  f i e l d  o f  v a lu e s  o f  a  t r i a n g u ­
l a r  m a tr ix *  I n  f a c t ,  I n  th e  s tu d y  o f  th e  seco n d  and t h i r d  
o r d e r  c a s e s  t o  f o l lo w , a  m a tr ix  U I s  found  su c h  t h a t  UP I s
„  i _
t r i a n g u l a r ,  so  t h a t  c e r t a i n l y  th e  p ro d u c t  UFCa P U* I s  
t r i a n g u l a r *
3* A p p l ic a t io n  to  second  o r d e r  m a t r i c e s * The 
c l a s s i c a l  c a n o n ic a l  s e t  f o r  seco n d  o r d e r  m a tr i c e s  h a s  th r e e  
m a s h e rs , w h ich  w i l l  b e  d e n o te d  by  Cx ,  C ^, C5 * I t  may be 
assum ed t h a t  th e y  a r e  I n  11 s ta n d a r d  p o s i t i o n ” ,  f o r ,  i f  
A ^  B , th e n  h -  k l — B -  k l  u n d e r  th e  same t r a n s fo rm in g  
m a tr ix  P , and th e  e f f e c t  on th e  f i e l d  o f  v a lu e s  o f  e a c h  i s  
s im p ly  a  t r a n s l a t i o n .  Then th e  Ci a r e  g iv e n  b y t
More g e n e r a l l y ,  w r i t e
c q \
w here  c = q -  0 f o r  C4 ,  c ^  0 ,  q ~ 1 f o r  C^, and c *  0 ,  q -  0
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f o r  c .
and
L e t  P -  (pi* ) ;  th e n  I Pi iPJV * * 0 *
-  1 . P ^ / P
-P=,*/P
- P t , / P
P1!L/ P
Then th e  m a tr ix  0  d e s c r ib e d  above l e i
0
P ^ /M  
-P «  A
P * * /*
P ^ A
w here H = V + p3 v pa ± . C a lc u la t io n  o f  OP and








0 H /p j
w here  6 -  p11pi l  + Pa i Pia  • Now le<fc OTCi.P 6*1 th e n
Di
o (Mq -  2 e S ) /p
-c
(1 )  F o r  a l l  P , C* .
(2 )  F o r  c ^  0 , q = 1 # th e r e  I s  o b ta in e d !
0 N/p
0 0
The f i e l d  o f  v a lu e s  o f  D I s  a  c i r c l e  c o n c e n tr ic  w ith  th e  
c i r c l e  w h ich  I s  th e  f i e l d  o f  v a lu e s  o f  C_, and w ith  r a d iu s
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\  \ * S in c e  f o r  an  a p p r o p r ia te  c h o ic e  o f  P , t h i s  r a d iu s
c a n  be  g iv e n  any p o s i t i v e  v a lu e , i t  i s  co n c lu d ed  t h a t  th e  
f i e l d s  o f  v a lu e  o f  th e  s e t  o f  ® a tr ic e s  s i m i l a r  to  co n ­
s i s t  o f  t h e  f a m ily  o f  c i r c l e s  c o n c e n tr ic  w i th  th e  c i r c l e  o f
(3 )  F o r  c *  0 ,  q r  0 ,  t h e r e  i s  o b ta in e d !
*>5 -
C - 2cS/p 
0  - c
The f i e l d  o f  v a lu e s  o f  D3 i s  a n  e l l i p s e  c o n fo e a l  w ith  th e  
e l l i p s e  w h ich  i s  th e  f i e l d  o f  v a lu e s  o f  C3 ,  and w ith  se m i-
m in o r a x i s  S in c e  f o r  an  a p p r o p r ia te  c h o ic e  o f  P ,
t i l l s  sem i-m in o r a x i s  c a n  be g iv e n  any  p o s i t i v e  v a lu e , i t  
i s  c o n c lu d ed  t h a t  th e  f i e l d s  o f  v a lu e  o f  th e  s e t  o f  m a tr ic e s  
s i m i l a r  to  C3 c o n s i s t  o f  th e  f a m ily  o f  e l l i p s e s  c o n fo c a l 
w i th  th e  e l l i p s e  o f  .
4 .  A p p l ic a t io n  to  t h i r d  o r d e r  m a t r i c e s * The c l a s s i ­
c a l  c a n o n ic a l  s e t  f o r  t h i r d  o r d e r  m a tr ic e s  h a s  s i x  m embers, 
w h ich  w i l l  b e  d e n o te d  by C± ,  # Cc • As i n  th e
second  o r d e r  c a s e ,  th e y  a r e  assum ed to  be i n  ” s ta n d a rd  
p o s i t i o n " .  Then th e  a r e  a s  fo l lo w s i
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Fop th e  g e n e r a l  p a r t  o f
3
w here  S c i  -  0 ,  and  q i
0  \  ■
0 S Ci = ° '  Cj- *  ° i  *
e J
th e  d i s c u s s io n ,  w r i t e
0 o r  1 .
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F o llo w in g  th e  n o t a t i o n  d e s c r ib e d  a b o v e , th e
r e q u i r e d  m a tr ix  U f o r  w h ich  UFGiP TJ# I s  t r i a n g u l a r  1 s t
d X
^  Pai^3? "  P 31 P "  £4.3 * 5 5
p3
>1





w here  Mx = V  P u  ~P« +  P*iP*:. +  P31P33 J and  A  and N ? In  
th e  same m anner n o rm a lis e  th e  seco n d  and  t h i r d  rows* I n -
_




0 A  A
1 0 0
fiAi s* A
0 A  A
0 0
S . A , '
s^ A *  
pA?/
8 3/ p » 3
S „/pN ,





P i *  P i ?  P a i  P a z  +  P 3 I  ^ 3 3 .
P a l  P a -3 P i t  P 1 3  ■+ * 3 1 * 3 3
p  p  +  p  p  + P PX i *  * 3 1  * a i * 3 a  * 1 3  * 5
P P + P P + P P*-2 3 . * - 3 4  * 2 3  l 3a  *
“S3
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w h ich d-t ^  — “ e ) S i  -
- ( « ! - )Hi S3 +
9.
w x
[ (o 3 -  0 , ) S ¥ -  q i » jJ  / p S ±
( 1 )  = Cd f o r  a l l  P .
(2 )  D ^. F o r  cz = e3 = 0 ,  q ^  1 ,  q a = 0 .
0 -H i /s3 H ^ /p K , \
0  0 0
0 0 0 I
C(D2 ) I s  a  c i r c l e  c o n c e n tr ic  w i th  th e  c i r c l e  o b ta in e d  f o r  
C2,  p lu s  t h e  p o in t  <* - 0* The r a d iu s  o f  th e  c i r c l e  can  he 
g iv e n  an y  p o s i t i v e  v a lu e  f o r  an  a p p r o p r ia te  c h o ic e  o f  P , 
so  t h a t  i t  I s  c o n c lu d e d  t h a t  th e  f a m ily  o f  c u rv e s  C(D%) 
c o n s i s t s  o f  th e  f a m ily  o f  c i r c l e s  w ith  c e n t e r  a t  th e  o r i g i n ,  
p lu s  th e  p o in t  < -  0 .
(3 )  D, o H ere d , ^  d i3 ^ ( » X  *• » X  ) / p N ^ ,
~
( -Nj ) /pN ± • C urves o b ta in e d  c o n s i s t  o f  th e  c i r c l e s  d e s ­
c r ib e d  i n  ( 2 ) ,  b u t  w i th  v a r i a b l e  p o in t  j th e  c a r d l o ld ,  
and  c u rv e s  o f  P lu c k e r  ty p e  ( a )  ( s e e  t a b l e  I n  s e c t io n  V I I )•
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The e x i s te n c e  o f  a  t r i p l e  c h a r a c t e r i s t i c  r o o t  Im p lie s  t h a t  
t h e  c i r c u l a r  p o in t s  a t  i n f i n i t y  a r e  d o u b le  p o i n t s  o f
C(B3 )•
(* )  . The m a tr ix  i s
F o r  th e s e  m a t r i c e s ,  4  - c ,  th e  c u rv e s  o b ta in e d  a r e  th e  
f a m ily  o f  c o n fo e a l  e l l i p s e s  w i th  f o c i  a t  e  and  -2 c  ( i n ­
c lu d in g  th e  d e g e n e ra te  c a s e  o f  th e  s t r a i g h t  l i n e  seg m en t) 
p lu s  th e  f i x e d  = c*
(5 )  2>s  . H ere th e  d o u b le  r o o t  im p l ie s  t h a t  th e  
c u rv e  C(Dr  ) p a s s e s  th ro u g h  th e  c i r c u l a r  p o in t s  a t  i n f i n ­
i t y ;  th e  c u rv e s  in c lu d e  ( a )  C i r c l e s  w i th  c e n t e r  a t  c p lu s  
t a n g e n ts  from  <4 ,  th e s e  ta n g e n ts  b e in g  r e a l  o r  im a g in a ry  
a c c o rd in g  a s  i s  o u t s id e  o r  in s i d e  th e  c i r c l e  i n  a  g iv e n  
e a s e ;  ( b )  t h e  c o n fo e a l  e l l i p s e s  w i th  f o c i  a t  c and  - 2 c ,  
an d  ta n g e n ts  from  tf ,  w h ich  may be  r e a l  o r  im a g in a ry , a s  i n  
( a ) ;  th e  d e g e n e ra te  c a s e  o f  ( a )  i s  n o t  o b ta in e d ;  ( c )  c u rv e s  
o f  P lu c k e r  ty p e  ( a )  and  (b )  o f  th e  t a b l e  i n  s e c t io n  VXI.
(6 )  . The s im p le s t  way to  d e s c r ib e  t h i s  s e t  i s  
t o  p o i n t  t h a t  C(D u ) d o es  n o t  p a s s  th ro u g h  th e  c i r c u l a r  
p o i n t s  a t  i n f i n i t y ,  so  t h a t  th e  ty p e s  w h ich  do a r e  e x c lu d e d ; 
th u s  th e  c i r c l e  and  c a r d l o ld  a r e  excluded#
0
e
(-3 o S , H, ) /p H 1 \  
( -3 a S 4 ) /p H 1
0
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Fro® th e  fo re g o in g  e v id e n c e  o b ta in e d  i n  th e  second  
and  t h i r d  o r d e r  c a s e s ,  i t  a p p e a rs  t h a t  to  r e q u i r e  t h a t  a  
m a t r ix  h e  s i m i l a r  t o  a  p a r t i c u l a r  member o f  a  c a n o n ic a l  
s e t  d o e s  e f f e c t  some m easure  o f  r e s t r i c t i o n  on th e  f i e l d  
o f  v a l u e s ,  h u t  f o r  th e  m o st p a r t  t h e  r e s t r i c t i o n  I s  n o t  
v e r y  s h a rp .
XRelated Topics
1- A s p e c i a l  ty p e  off m a t r ix * L e t  A be  a  m a tr ix  
(&i 5 ) I n  w h ich  a ^  = 1 when i  <  3 ,  and  a xj = 0  when i  js. j*
T h en , i f  tA  -  Pe i d ^ ,  Fe h a s  a  c h a r a c t e r i s t i c  r o o t  o f  
m u l t i p l i c i t y  »  -  1 f o r  Q -  th e  r o o t  b e in g  - f ,  and  th e  
r ema i n i ng  r o o t  i s  ( a  -  l ) / 2 *  Thus th e  l i n e  x  = -4  i s  a  
a u l t l p l e  ta n g e n t  o f  C ( a ) ,  ta n g e n t  t o  i t  a t  m -  1 d i s t i n c t  
p o in ts *  B etw een e a c h  two c o n s e c u t iv e  p o in t s  o f  ta n g e n e y  th e r e  
i s  a  c u sp  w i th  h o r i z o n t a l  t a n g e n t ,  h en ce  a  t o t a l  o f  m ~ 2 
cu sp s*  S in c e  a  m u l t ip le  ta n g e n t  o f  o r d e r  a  -  1 i s  e q u iv a le n t  
t o  £(m -  l ) ( m  * 2 ) b l t a n g e n t s ,  e a c h  r e p r e s e n te d  i n  th e  eq u a ­
t i o n  o f  C (a )  by  th e  sq u a re  o f  a  l i n e a r  f a c t o r ,  e v id e n t ly  th e  
d e g re e  o f  C * (a ) I s  m(m -  1 )  -  (m -  l ) (m  -  2 ) = 2(m -  1)*.
I n  p a r t i c u l a r ,  f o r  m -  2 , th e  c u rv e  C(A) I s  a  c i r c l e
w i th  r a d iu s  £ ;  f o r  m = 3 ,  th e  c u rv e  i s  a  c a r d l o ld j  f o r  m =r 4 ,  
s e e  exam ple 8 *6 .
2* On p o ly g o n a l f i e l d s  o f  v a lu e*  I n  c o n n e c tio n  w ith  
n o rm al m a t r i c e s ,  whose f i e l d s  o f  v a lu e s  a r e  p o ly g o n a l ,  th e  
c o n v e rs e  q u e s t io n  a r i s e s  s i f  A h a s  a  p o ly g o n a l f i e l d  o f  
v a l u e s .  I s  A a  no rm al m a tr ix ?  The answ er l a  e v id e n t ly  y e s  
f o r  n ~  2 ,  3 ,  b u t  f o r  m = 5 ,  a n  exam ple shows t h a t  th e  
an sw er i s ,  i n  g e n e r a l ,  n o . L e t A be  th e  m a tr ix
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1 1 0 0 0
0 0 0 0
0 0 4 0 0
0 0 0 4u> 0
0 0 0 0 4u>
Now c ( a ) c o n s i s t s  o f  th o  t r i a n g l e  w i th  v e r t i c e s  a t  
* ,  4u>, 4 ^ ,  th e  e l l i p s e  w h ich  i s  th e  f i e l d  o f  v a lu e s  o f  
th e  se co n d  o r d e r  m a tr ix  i n  th e  u p p e r  l e f t  o f  A, and  th e  
ta n g e n ts  t o  t h i s  e l l i p s e  from  th e  t h r e e  p o in t s  named* B u t 
s in c e  th e  e l l i p s e  i s  e n t i r e l y  w i th in  th e  t r i a n g l e ,  W(a ) 
c o n s i s t s  o f  th e  t r i a n g l e *  T h e r e f o re ,  th o u g h  A i s  n o t  a  
n o rm al m a t r i x ,  i t  h a s  a  p o ly g o n a l f i e l d  o f  v a lu e s*
3* On f i e l d s  o f  v a lu e  w i th in  a f ix e d  r e c t a n g l e .
F o r  a n  a r b i t r a r y  m a tr ix  A =  F ■+ 1 0 , c o n s id e r  th e  s e t  o f  
m a t r i c e s  B = TJFU* +- iVGV* ,  w here U and  V ra n g e  o v e r  th e  
s e t  o f  u n i t a r y  m a tr ic e s *  T hese  t r a n s f o r m a t io n s  le a v e  th e  
f i e l d  o f  v a lu e s  and  th e  c h a r a c t e r i s t i c  r o o t s  o f  F , and o f  
0 ,  u n ch an g ed ; t h e r e f o r e ,  f o r  e a c h  B , th e  c u rv e  0 (B ) i s  
ta n g e n t  t o  e a c h  o f  m f ix e d  v e r t i c a l  l i n e s  and m f ix e d  
h o r i z o n t a l  l in e s *






T hen th e  f i e l d  o f  v a lu e s  o f  A I s  th e  e l l i p s e  
* V a^ -+ y zA "  -  1# and th e  f i e l d s  o f  v a lu e  o f  th e  m a tr ic e s  
B a m  th e  e l l i p s e s  ta n g e n t  t o  a l l  f o u r  s id e s  o f  th e  r e c -  
t a n g le  x  ^  a# x  — - a ,  y  -  b# y  -  ~b* The c h a r a c t e r i s t i c  
r o o t s  o f  th e  m a t r i c e s  B , w h ich  a r e  th e  f o o l  o f  th e  e l l i p s e s #  
l i e  on  t h a t  p o r t i o n  o f  th e  r e c t a n g u la r  h y p e rb o la  * y 2 -  c* 
w h ich  i s  I n s id e  o r  on th e  b o u n d ary  o f  th e  r e c t a n g l e .  I n  
th e  s p e c i a l  c a s e  c -  0 ,  th e  r e c t a n g le  i s  a  sq u a re#  and  th e s e  
c h a r a c t e r !  a t i e  r o o t s  l i e  on th e  d ia g o n a ls  o f  th e  s q u a re .
4 .  E x te n s io n  o f  th e  f i e l d  o f  v a lu e s  c o n c e n t . W. V. 
F arlee r h a s  made some o b s e r v a t io n s  a b o u t th e  s e t  xAx1 # w here 
xPx* =  1 ,  F a  p o s i t i v e  d e f i n i t e  H e rm itla n  m a tr ix .  T here  
i s  a  u n iq u e  p o s i t i v e  d e f i n i t e  H e rm itla n  m a tr ix  Q su eh  t h a t  
QQa -  P .1 Thus# xQ Q 'x ' = 1 ,  and  i f  y =  xQ# th e n  y y f ^  l .
F o r  R = Q 1 # e v i d e n t l y  x  -  yR# so  t h a t  th e  s e t  xAx1 i s  th e  
s e t  yRARfy f w here y y 1 -  1 . Hence th e  s e t  xAx* w here x P x 1 -  
1 i s  th e  f i e l d  o f  v a lu e s  o f  RAR*.
More g e n e r a l  p o in t  s e t s  a r e  o b ta in e d  i f  th e  r e s t r i c ­
t i o n  o f  P t o  p o s i t i v e  d e f i n i t e  H e rm itla n  be  rem oved. As an 
i l l u s t r a t i o n #  l e t  P be th e  second  o r d e r  m a tr ix
1 0
0 -1
1 Macduffee# ££. clt.* p. 77*
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Now by arg u m en t a n a lo g o u s  to  t h a t  u sed  I n  s e c t io n  V I, th e  
s e t  xPAx1, w here xP x1 -  1 , can  be shown to  be th e  s e t  o f  
p o in t s  o b ta in e d  by  d e l e t i n g  from  th e  p la n e  th e  r e g io n  
b e tw een  th e  two b ra n c h e s  o f  th e  h y p e rb o la
JL* = 1 
a" b*
No a t te m p t  h a s  b een  made to  g e n e r a l i z e  t h i s  ty p e  o f  s e t  
t o  h ig h e r  o r d e r s .
The s e t  xAy1 was c o m p le te ly  d e s c r ib e d  by W. V, 
P a rk e r  i n  1937*2 More r e c e n t l y ,  he  h a s  o b ta in e d  r e s u l t s ,  
n o t  y e t  p u b l is h e d ,  on t h i s  s e t  u n d e r  th e  r e s t r i c t i o n  
x y ' - 0 , T h is  l a t t e r  s e t  i s  e v id e n t ly  i d e n t i c a l  w ith
th e  s e t  o f  n o n -d ia g o n a l  e le m e n ts  o f  a l l  u n i t a r y  t r a n s fo rm s  
o f  A.
2 W. V. P a rk e r ,  "The C h a r a c t e r i s t i c  R oo ts o f  
M a t r i c e s , ” Duke M ath em a tica l J o u r n a l* X II , (1 9 ^ 5 ) , 519*526.
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